Homework # 5. Physics 265, Spring 2026

Topic: More on quantum channels.

Choose a subset of about 7 problems to work on.

1. Orthogonality of operators via the

Frobenius (trace) inner product

The Frobenius inner product is the trace of
the product of two complex matrices;

(A,B)r = tr(A'B)

Using this inner product we can find an or-
thonormal basis in which to decompose 2 x 2
complex matrices.

a) Show that the set

{Loy,04,0.} (1)

forms an orthogonal basis with respect to
the Frobenius inner product for 2 x 2 com-
plex matrices. Here o, 0y, 0, are the Pauli
matrices and I is the identity operator.

b) This basis of equation 1 is not orthonor-
mal. Find a constant of proportionality that
gives you an orthonormal basis set for 2 x 2
complex matrices. You need to find a con-
stant to multiply the Pauli operators.

We call our set of orthonormal basis {Z;}
for j an index in the set {0,1,2,3}. Each &;
is proportional to the identity or one of the
Pauli operators. The set satisfies

tr(a;a]) = 8. 2)

I put a dagger in the expression though it
is not actually needed as the Pauli matrices
are Hermitian.

c¢) Show that any 2 x 2 operator A can be
expanded

4
A= Zaj.f?]‘ (3)
7=0

with coefficients
a; = tr (Aﬁ:j) (4)

d) You are given a traceless 2 X 2 complex
matrix B. What constraints are there on its
coefficients in the operator basis expansion
using the Pauli matrices?

(Hint: The identity matrix has a trace but
the Pauli matrices are traceless).

e) You are given a Hermitian 2 x 2 complex
matrix H. What constraints are there on its
coefficients in the operator basis expansion
using the Pauli matrices?

f) Find an orthonormal basis with respect
to the Frobenius inner product for a 2 qubit
system.

. On constructing unitary operators in

bipartite systems

Consider a tensor product space Hi ® Ha
that is comprised of two finite dimensional
Hilbert spaces. The space H; has a projec-
tive measurement consisting of a complete
set of n orthogonal Hermitian projection op-
erators {Py, Py, P5....}. We also have a set
of n unitary operators {Uy, Uy, Us, ...} oper-
ating on Ho.

We construct an operator

n—1
V:ZPi®Ui
i=0

a) Show that V' is unitary.

b) Can a similar unitary operator be con-
structed from operators of a POVM mea-
surement? The difference between this set-
ting and the previous one is that the set of
Kraus operators must be complete but is not
necessarily orthogonal.

This problem is relevant for construction of
unitary operators used in quantum random
walks.



3. On traced density operators and

whether they share eigenvalues

Consider a pure state [¢) , in a bipartite

system H 4 ® Hp giving density operator
pas = V) ap (Ylap -

Density operators in the subspaces are p4 =
trp(pap) and pp = tra(pas).
If pap is a pure state, then the operators p 4
and pp have the same (including the multi-
plicities) non-zero eigenvalues.

Are the non-zero eigenvalues of p4 and pp
the same if pap is not a pure state? Show
that this is true or give a counter example.
. On The Quantum Zeno effect
Consider a near identity single qubit unitary
transformation

U=¢HI+icH
where H is Hermitian and e is real, positive
and small.

Our goal is to contrast the behavior of the
two circuits shown in Figures 1 and 2.

o)~ T— oo}

Figure 1: A unitary operation is done 6 times on
the first qubit.

Suppose the unitary operator U is applied
to the state |0) and then a measurement is
made of that qubit. The probability that a
1 is measured is

[{11T0) [* ~ | (1] (X + icH) |0) [
= | (1] cH) |0) |
= [ (1/H|0) |*. ()

Figure 2: After each unitary transformation on
the first qubit a CNOT is applied with control
bit the first qubit. After each CNOT is applied,
the target qubit is left untouched.

We define quantities

and we assume that |Higl, |Hoo| ~ 1.

Consider the limit of n operations, either n
unitary transformations as shown in Figure
1 or n unitary transformations with alter-
nating CNOT gates as shown in Figure 2.

a) Estimate the probability p; that |1) is
measured in the first qubit at the end of the
circuit in Figure 1 and as a function of n the
number of iterations. You can do the com-
putation approximately to first order in e,
assuming € is small; (though the probability
should scale with €?).

b) Estimate the probability p; that |1) is
measured in the first qubit at the end of
the circuit in Figure 2 as a function of n
interations.

From p; you can compute the probability
po = 1 — p; that the first qubit is measured
to be in the |0) state. If pg is near 1 then the
system acts like it is frozen in the |0) state.

Hints: In part a) p; ~ n?e¢?|Hyo|?. In part
b) you should find that p; ~ ne?|Hyo|?. The
lower factor of n arises because the output
contains many orthogonal states.

The CNOTs in Figure 2 give the effect of
measuring the top qubit between each of the
unitary operations on the top qubit. The
first qubit is more likely to be measured to



be in the |0) state at the end of the circuit
in Figure 2 than at the end of the circuit in
Figure 1. This is in analogy to the Quan-
tum Zeno effect where measurements freeze
a state. Here the state is frozen because in-
formation is transferred to other parts of the
system.

This example was inspired by a blog by
Cameron Calcluth.

Hint: Short hand I use A; to be the CNOT
with target bit the j-th one. I can write
A; = 10)(0|® T+ 1) (1] ® X;. Here X;
is the Pauli X operating on the j-th qubit.
Applying U on the first qubit and then a
controlled CNOT that operates on the j-th
qubit

AU (0)%" = Aj(I+ieH) |0)*"  (7)
I insert the identity on the first qubit

AU (0) = A;(|0) (O] + [1) (1) (T + ieH)
x [0y @]0)®"

= A;(]0) +i€[0) (O] H |0) + ie[1) (1] H |0))

x @ |0y®" !

+ iEHoo)I + iEHloXQXj) |O>®n

5. The dephasing (or phase-damping)
channel

A — — E(pa)

Penv = ’O>E<O|E — e

We consider a bipartite system H4 ® Hg
where H 4 is a single qubit and the environ-
ment H g has more than two states. The de-
phasing channel operates on the density op-
erator pa for the single qubit. The dephas-
ing channel can be described with a unitary

7(10Y (1 +ieHoo) + ieHyo 1)) @ [0y
(0) (1 + ieHoo) + ieH1o |1) X;) @ |0)*™ "
(1

transformation U that transforms

00410) = V1 =ql0)4[0) 5 +/q10) 4 |1) g
DAl0) g = V1I=q1) 41005 +q[1)412)g

Assumed is that the environment starts in
the state pp = [0); (0|z. Note that the
qubit A does not change state via the uni-
tary transformation. Instead it ‘scatters’ off
the environment with probability q. A pre-
ferred basis [0) 4,[1), is set by this chan-
nel as it is the only basis in which bit flips
do not occur in the qubit due to interaction
with the environment.

To ensure that U is unitary we complete the
transformations of the other basis vectors

041D = V1I=al0)4 1) g —Val0)410) 5
Dal2p = V1I—alD)412)p — Va4 l0)g
004 12)p = 10) 4 12)
Dl g = D4 lDg-

a) Show that the unitary transformation in-
duces a channel £ operating on p,4 that is
described with the following three Kraus op-
erators

M = /1—qI
M= va (g o)
M= va (g )

You will need to assume that the environ-
ment is initially in the peny = [0)5 (0|
state.

b) Show that the dephasing channel can be
written as

E(pa) = Z MupaM,

= (1 — g) pa+ gasz0z~

The density operator ps can be written
in terms of a polarization vector p =



(vapyapz)v and
1
pa=5(I+p-o)

¢) Show that the dephasing channel gives
new polarization

P = (P, Py P%)
= ((1 = @)pa, (1 — @)py, p2)-

The z component of the polarization is not
affected.

10)

—

1)

)

The Bloch sphere shrinks to a prolate
spheroid aligned with the z axis. The po-
larization in z is associated with the diago-
nal elements of the density operator. As the
x and y polarization decreases, the density
matrix becomes increasingly diagonal.

The dephasing channel picks out a preferred
basis for decoherence. A possible physical
setting might be interactions of a dust grain
with the microwave background radiation.
In this case the preferred basis is somewhat
mysterious, but might be related to the spa-
tial locality of the interaction.

. The Lindblad master equation consis-
tent with the dephasing channel

Neglecting unitary evolution from a Hamil-
tonian, the Lindblad master equation if gov-
erned by a single jump operator L gives evo-
lution of a density operator

dp

1 1
a _ i Ly, o Lopt
o F(LpL SL'Lp— 3L L).

The dephasing channel on a single qubit

Ep)=(1-2) p+ o200

In this problem we will show that t for
L = 0., small probability ¢, and q o I't, the
dephasing channel is consistent with evolu-
tion via the Lindblad master equation on a
single qubit

d 1 1
d—'; =T (orzpal — igiUzP — 2poiaz> .

a) Show that with L = o, the Lindblad
master equation becomes

L P (8)

dt
=T (gb* 021’) : (9)

Writing p as

<p00 pOl) (10)
P10 P11
b) Find solutions pgo(t), po1(t), p1o(t) and
p11(t) as a function of initial values pgo(0),
p01(0), p10(0) and p11(0).

c¢) Show that with ¢ = 2I'¢, the dephas-
ing channel is consistent with the evolution
derived from the Lindblad master equation
across the time interval .

. Ways to make new quantum channels

A quantum channel £ is described with a
set of ng Kraus operators {K}, giving the
map £(p) = 5, Kok

a) Consider a set of nyx unitary operators
{Vi}-

Show that the set {K;} with K; = V; K for
every j is a set of Kraus operators that also
gives a quantum channel.

Hint: Show that >, f(}f(j =1



b) Show that &, where

Ex(p) = altr phpo + (1 — )& (p)

is a quantum channel, for any channel £, any
density operator py (with a trace of 1, Her-
mitian and positive semi-definite) and coef-
ficient o € [0, 1].

Hint: Note that p — (trp)po is a CPTP
map. It might be useful to recall that every
CPTP linear map from the space of opera-
tors onto itself has a Kraus representation
and vice versa, every Kraus representation
gives a CPTP linear map. Use a composi-
tion to show that the resulting combination
is a channel. T did not find it very easy to
find a set of Kraus operators for p — pg, but
you need not find one if you can show that
one exists.

. An initialization/reset channel

An initialization or reset channel is one
that puts a system into a particular state.
Here we use basis states |j) with j =
{0,1,....., N—1} for an N dimensional quan-
tum space,

In an N dimensional quantum space, con-
sider the channel described with a set of IV
Kraus operators { K eset,j } with

Kreset,j = |O> <.7| .
The operation of the channel

N-1

Ereset(p) = Z Kf’eset,ij:esetJ"
=0

The linear operator & eset(p) is a map from
the space of density operators to the same
space.

a) Show that this reset channel returns the
|0) state, when applied to any pure quantum
state. More specifically the channel returns
|0) (0] for any input density operator.

Consider a bipartite system H 4 ® Hp. The
density matrix is initially pap for the full

system. The dimension of H4 we denote
nAa.
A channel & ¢qet, 4 that resets only the Ha

sub-system is described by n4 Kraus oper-
ators { Kyeset,;} with j € {0,...., N —1} and

Kreset,j = |0> <]| & IB

where I is the identity in the H g subspace.

b) Show that this channel is equivalent to
the map (from the space of density operators
on Hy ® Hp to the same space)

greset,A(pAB> = |O> <0| X pB

where pp = trapap. This is a quantum
channel operating on the full bipartite sys-
tem.

. Bob’s POVM for quantum communi-

cation between Alice and Bob

Alice sends Bob a series of qubits. Each
qubit is either |0) or |+), and with each state
equally likely. Here |+) = %OO) +11))

Bob chooses to make measurements with the
following three POVM operators

B = al1) (1
B =al-) (-]
Ey=I-E, — E,.

Note that the set of measurement operators
is complete as E; + E_ + Exy = I. The
coefficient @ > 0 is positive and real. Here
=) = 5(10) — 1))

If Bob gets a measurement associated with
E; then he knows that Alice did not send |0)
and so she must have sent him a |4) state.
Bob is then 100% sure that Alice sent him
a |+) state.

If Bob gets a measurement with E_ then he
knows that Alice did not send |+) and so
she must have sent a |0) state. Bob is then
100% sure that Alice sent him a |0) state.

If Bob gets a measurement with Ex then he
is not sure which state Alice sent.



10.

a) What is the probability that Bob mea-
sures E; or E_ and so knows exactly what
Alice sent?

b) What value of a maximizes Bob’s ability
to get as much information as possible from
Alice’s transmitted qubits?

Hints: In the |0),|1) basis

By = (1 ;/0;/2

a/?2
1 —éa/2> ‘ (11)

For the POVM measurement to be good,
Ex must be a positive operator and that
means that both its eigenvalues must be
positive. This means that a cannot be too
large.

The eigenvalues of E are
1
Ay = 5(:':\[2(1 —2a+2)

(I typed the following into wolfram alpha:
eigenvalues [[1-x/2,x/2],[x/2,1-3x/2]]

c¢) Is this POVM measurement optimal ac-
cording to the Holevo bound?

Hints: The Holevo bound is
H(X :Y) < S(p)

because Alice sends pure states, each which
have entropy of zero. On the left we have
mutual information (what Bob can learn
from his measurements about Alice’s sent
information) and on the right we have the
von-Neumann entropy of Alice’s mixture,
p = 3]0)(0] + 3[+)(+]. The eigenval-
ues of this density operator are cos? (%)
and sin® (Z), and the entropy S(p) =
0.6008760366928562.

On how noise causes contraction in a
quantum channel

Consider &,, a quantum channel which is
a trace preserving and completely positive
map p — p' from the space of operators
to the space of operators in a d-dimensional
quantum space.

11.

A small amount of noise is added giving a
new channel &,. The noise is represented by
the depolarization channel

I
Edepol(p) = as+ (1—a)p,

with @ € [0,1). The new channel &, is de-
fined by

gb (p) = gdepol (ga (p))

= ag+ (1 - a)€ulp).

With a small, only a small amount of noise
is added.

Show that no matter what the properties of
&4, no matter how small a > 0, the noisy
channel &, has a unique fixed point and all
orbits converge onto it. The noisy channel
is called ergodic and mizing.

In other words show that
. + N _
Jm {1E,(p) = puller = 0

for all density operators p. Here p, is the
fixed point of & which satisfies & (p.) =

px. By Ef(p) we mean & (Ep(Ep(.....Ep(p))))
where &, is applied ¢ times. Here ||A|lt, =

tr(\/ AAT) is the trace norm.
Hints: It helps to know the following:

Any quantum channel has at least one fixed
point, p, satisfying £(ps) = p«.

All quantum channels are contractive in the
sense that

1€(p) = E()ler < llp = olltx

for any two density operators p, 0.

On eigenmatrices of a quantum chan-
nel

We have a quantum channel £. You can
think of the channel as a linear operator £
that operates on a vectorized version of a



12.

density operator, or any operator. The lin-
ear operator L is not necessarily normal or
Hermitian, so it may not be diagonalizable.

We can find eigenvalues for £. For exam-
ple, a fixed point satisfies £(p) = p. Here
the density operator p is an eigenvector of
L with an eigenvalue of 1.

Take the operator x to be an a right eigen-
vector of £ with eigenvalue A. It satisfies

E(x) = Ax.

a) Show that A* is also an eigenvalue of L.

This implies that right-eigenvalues of L,
come in pairs, if they are complex.

b) Show that eigenvectors of L are traceless
unless their associated eigenvalue is 1. In
other words show that tr(x) = 0 if £(x) =
Ax and A # 1.

Hints: For (a) use an operator sum decom-
position with a set of Kraus operators and
take the adjoint. For (b) use the fact that
channels are trace preserving.

A Pauli Twirl

Twirls are often used to characterize the
properties of errors.

The twirl of a quantum channel £ is the
quantum channel W¢ ¢ generated by av-
eraging over the effect of transformations
caused by elements of a finite group G,

1

We.a(p) = Gl

Y UteUpuhU  (12)
UeG

Here the channels Wg ¢ and € both operator
on density operator p.

Consider the quantum channel on a single
qubit that looks like this

E(p)=(1—-pp+pYpY  (13)

where p is the density operator of the qubit,
Y is the Pauli-Y operator and p is the prob-
ability that a 'Y error occurs.

13.

Compute the twirl over the generalized
Pauli group of this quantum channel.

Hints: The generalized Pauli group for a sin-
gle qubit is the set of operators {aU} where
a € {1,-1,i,—i} and U € {I,X,Y,Z}.
When computing a twirl over the general-
ized Pauli group the factors « are not im-
portant so the sum can be reduced to

Wep) =7 Y

Ue{I,X,Y,Z}

UTeUpUNHU (14)

A Clifford Twirl
Consider the bit-flip quantum channel on a
single qubit

Evitaip(p) = (1 —p)p + pXpX

where p is the density operator of the qubit,
p is the probability that a bit flip occurs and
X is the Pauli-X operator.

(15)

a) Compute the twirl of the bit-flip channel
over the Clifford group.

The Clifford group for a single qubit is
generated by the set {S,H} where S =
diag(1,7) and H is the Hadamard operator.
It is not an Abelian group.

Ignoring a global phase (which is
not important in a twirl) the Clif-
ford group is the set of elements AB
where A € {I,H,S,HS,SH,HSH} and
B € {I,X,Y, Z} which is 24 elements.

Ignoring a global phase and remov-
ing the Pauli subgroup, a reduced
Clifford group is the set of elements
{I,H,S,HS,SH,HSH}.

It is enough to compute the twirl over only
the 6 elements {I, H,S,HS,SH, HSH} us-
ing equation 12. (This follows as reversing
the order of one of these and a Pauli opera-
tor gives only a factor of £1).

It is helpful to have these identities handy
HXH=7 HZH=X HYH=-Y

SXst=vy S§z8t=2 8SysSt=-X
StxXs=-vY stzs=2z stys=X



(note that H' = H).

The result should be the depolarization
channel. This type of averaging is used in
the procedure called random benchmarking
for estimating average errors in an operator.

14. Your problem here!



