Homework # 4. Physics 265, Spring 2026

Topic: On the density matriz, generalized mea-
surement, entropy and quantum channels.

Choose a subset of about 7 problems to work on.
You can also create and share your own problems
or do problems from a different problem set or
from a book.

1. On 2 x 2 density matrices

A density matrix p of a 2 state system is
a 2x2 Hermitian matrix p that is positive
definite and has trace 1.

A Hermitian matrix satisfies H = HT where
T is the complex transpose. With
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(a) Show that any 2x2 Hermitian matrix

with trace 1 can be written in the fol-
lowing form
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where p is a vector of real numbers
P = (Pz,py,p-.) and I is the identity
matrix. The vector of Pauli spin ma-
trices o = (04, 0y,0;). The vector p
is sometimes called a polarization.
The Pauli matrices
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The Pauli spin matrices obey

ol = ‘7; =o2=1
The Pauli spin matrices obey

tro, = troy = tro, = 0.
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Show that
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Note that the Pauli matrices do not
commute: 0,0, # 0,0,

Show that
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With p = (pfﬁo [701) show that
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po1 = 5(101 - zpy)

Show that

detp = i (1 —p2).

2. On eigenvalues of 2x2 density matri-
ces and meaning of positive definite

(a)

The eigenvalues of a 2 x 2 matrix A
can be written in terms the trace and
determinant of the matrix;
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Ar = 5 (trA + 4/ (trA) 4detA) .

Compute the eigenvalues of a density
matrix p with polarization p.

A matrix p is positive semidefinite
if for all possible [¢)) state vectors,
(Wlpl) = 0.

Show that for a 2 x 2 density matrix p
to be positive semidefinite, the polar-
ization |p| < 1.



3. On pure and mixed states for a two

state system
An example of a pure state is

) = al0) +b]1)

with aa* + bb* = 1.
The density matrix of this pure state
is

p =) (V|
= aa™ |0) (0] + adb™ |0y (1]
+a*b|0) (1] + bb* |1) (1]

_ (aa* ab*
~ \a*b b

(a) Show that the eigenvalues of the den-
sity matrix for a pure state are 1,0.

(b) Show that the polarization p of the
density matrix for a pure state satisfies
|p| = 1 and so lies on the unit sphere
(the Bloch sphere!)

An example of a mixed state is one
with probability pg that it is in state
|0) and p; = 1 — po that it is in state
|1). The density matrix is weighted by
the probabilities

p =po|0) (0] +py [1) (1]

The density matrix of a mixed state
with probability pg that it is in state
|tbo) and probability p; that it is in
state [¢)7) is

P = po |[Yo) (Yol + p1 |9¥1) (1]

(¢) Compute the density matrix for a
mixed state that has probability pg =
1/2 that it is in state o) = %(\0) +
|1)) and probability p; = 1/2 that it is
in state |¢;) = %(|0> —[1)).

(d) Find the polarization and the eigenval-
ues of this density matrix.

. On distinguishability of pure state de-

compositions

Consider a system that has probability p; of
being in pure state with density operator p;.
Here i is an integer index and Zi\;l p; = 1.
We have a set of N probabilities {p;} and a
set of pure state density operators {p;}. We
assume p; # p; for all 7 # j.

The density matrix for the full system is de-
scribed by the sum p = va:l DipPi-

If we have a density matrix, p, a sum p =
Z@‘Z\; pipi, where {p;} are pure states, and
{p;} are a set of probabilities, is a decompo-
sition of the density matrix in terms of pure
states. The decomposition is non-trivial if
pi # p; for all pairs ¢, j.

a) Is a non-trivial decomposition of a density
matrix into a sum of pure states unique?

b) If not, find an example of two systems
that have the same density matrix but have
different decompositions in terms of a sum
of pure states.

Hints: It is enough to consider 2 state sys-
tems, and sums that contain only two terms
(N =2).

This has some implications for proposed
non-linear models for quantum evolution.

. On quantum purity and using the

Cauchy-Schwarz inequality

Given a density operator p, the quantum pu-
rity is defined as v = tr p?.

Here p is a density operator with a trace
of 1, that is Hermitian and positive semi-
definite (its eigenvalues are all non-negative
and real).

a) For any Hermitian operator A in a com-
plex vector space of dimension d show that

V(A7) > |“\(}3”.

Hint: use the Cauchy Schwarz inequality
and a vector of 1s. The relevant inner prod-




uct (which I write here as (|)) is that on two
operators A, B with (A|B) = tr(ABT).

b) Show that the quantum purity for any
two state system must satisfy tr(p?) > 3.
¢) Show that trp? < 1.

Hint: use the triangle inequality on a set of
perpendicular vectors constructed from the
non-zero (and positive) eigenvalues of p.

d) Show that the purity v = 1 only if p
corresponds to a pure state.

e) Show that a unitary transformation U of
the density operator

p— UpUT
preserves purity. In other words show that
the purity of UpUT is equal to the purity of
p-
For real vectors a and b in a real vector

space of the same dimension, the Cauchy-
Schwarz inequality gives

a-b| < a|[b|.

Here I have a dot product on the left and
la] =+/a-a.

The triangle inequality is a consequence
of the Cauchy-Schwarz inequality

la+b| <la| +[b].

. On traced density matrices
Consider the Bell state

1
V2

a) What is the density matrix pap for the
full 2-qubit system?

V) aB (I01) + [10))

b) Compute the density matrix

pA =1trppas.

This is the reduced density matrix for the
first qubit.

¢) Compute the density matrix

pB =trapas.

This is the reduced density matrix for the
second qubit.

7. On von Neumann entropy

The von Neumann entropy of a
density matrix p is

S(p) = —tr(plogy p) = = »_ Ailogy \;

where \; are the eigenvalues. (Note
instead of logs often people define
this with the natural log, giving S =
tr(pln p). You can use whichever you
prefer).

(a) What is the maximum possible von
Neumann entropy for a 2 x 2 density
matrix? Find a 2 x 2 density matrix
that has the maximum possible von
Neumann entropy.

Note: the eigenvalues are constrained
(b) What are the eigenvalues of an N x

N density matrix with the maximum

possible von Neumann entropy?

(c) Show that a 2 x 2 density matrix that
has the maximum possible von Neu-
mann entropy also has the mimimum
possible value of trp? and minimum
possible polarization amplitude |p|.

(d) What is the von Neumann entropy of
a pure state (in any dimension)?

(e) A system starts in a pure state ¢ =
% (10) + |1)). Its density matrix is

,,fl 1 1
szt*2 1 1

What are the eigenvalues of the initial
density matrix, what is the von Neu-
mann entropy and what is the polar-
ization p?



The state is then measured in the |0),
|1) basis but the result of the measure-
ment is not recorded. The proba-
bility that |0) is measured is 1/2 and
the probability that |1) is measured is
1/2. After measurement the state has
po = 1/2 that it is in state |0) and
p1 = 1/2 that it is in state |1). The
density matrix after measurement is

10
posir = 10) O+ ) (1= (3
2

What are the eigenvalues of the new
density matrix, what is the von Neu-
mann entropy and what is the polar-
ization?

The entropy should have increased due
to uncertainty introduced by measure-
ment. We say quantum interference in-
formation is ‘erased’.

(f) What happens to the entropy if the
measurement value is recorded?

8. Comparison between Shannon and

von Neumann entropy

Consider a density matrix that is a mixture
of two states |0) and |+) = %(|0> + |1))
where the probability the qubit is in the |0)
state is p € [0, 1] and the probability it is in
the |+) state is 1 — p. The density matrix is

p(p) =p|0) <0|+(1—p)%(l0>+|1>)(<0l+<1l)

a) Compute the von Neumann entropy
S(p(p)) for this density operator. Plot
S(p(p)) as a function of p.

b) Compute the Shannon entropy H (p) for a
system with probability distribution p, 1 —p.
Plot H(p) as a function of p.

Hints: I found analytical formulas for both
and plotted them as a function of probabil-
ity p € [0,1]. The shapes are similar but the
peak values are different.

9.0n a

generalized measurement

(POVM)

Consider the following five states:
lex) = cos(2mk/5) |0) + sin(27k/5) |1)

where k € {0,...,4}. These five states form
a pentagon on the XZ-plane of the Bloch
sphere. Consider the operators

2
Ey = ¢ lex) (exl
)
a) show that

2
L = 5 lex) (ex]

1 <1 + cos(4nk/5)

_ sin(4nk/5) )
5\ sin(4wk/5)

1 — cos(47k/5)

b) Show that the operators Ej are all posi-
tive semi-definite.

¢) Show that the set of operators {E}} for
k € {0,...,4} forms a valid POVM.

Elements of a POVM must satisfy Y, Ei, =
I and they must be positive semi-definite.

Hints: It is useful to write sinacosa =

1sin(2a) and use similar relations for the

square of cosines and sines.

It is useful to know that the sum of complex
roots of unity is zero.

24: ei27k/5 _

k=

o

Also the real and imaginary parts of this
sum also sum to zero. Also

24: ciAmk/5 _ )

k=

o

A positive semi-definite Hermitian operator
has non-negative eigenvalues.



Figure 1: Dephasing channels.

10. Some dephasing channels

Two quantum channels are shown a single
qubit (the top one in each circuit) in Figure
1. The two channels are the same except
the second qubit is initialized to a different
state.

Contrast the behavior of these two quantum
channels.

11. The amplitude damping channel

PA T F- Pla
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Figure 2: A circuit model for amplitude damp-
ing.

A circuit model for amplitude damping is
shown in Figure 2. The rotation

R,(0) = e7974/2 = cos(0/2)T — 7Y sin(6/2)
= cos(6/2)I +sin(0/2) ((1) _01)

_ ( cos(0/2) sin(9/2)>
—sin(6/2) cos(6/2)/ "

The input into the top qubit bit is a density
matrix which can be described with a set of
probabilities and pure states. Measurement
of the bottom qubit is not necessary.

a) What is the unitary transformation U
performed by the two controlled gates? This
unitary transformation acts on the full 2
qubit space Hq ® Hp where H,4 is the
Hilbert space for the top qubit and Hp is
the Hilbert space for the bottom qubit. You
can write this as a matrix or in a ket/bra
form.

b) Assume the first qubit is described with
pure state

[¢) 4 = al0) +b[1).
Show that the final density matrix
, aa* +bb*y ab*\/T—7
pa= (a*bm bb* (1 —v))
with v = sin?(0/2).
¢) Suppose that a 0 is measured in the sec-

ond qubit in the circuit in Figure 2. Com-
pute the matrix

Mo = > Moi; [i) 4 (Gla
i

that acts on vectors in ‘H 4 and has compo-
nents

Moij = (il 4 Ol U 15)410) 5 -

d) Suppose that a 1 is measured in the sec-
ond qubit. Compute the matrix

M =Y Mojij[i) 4 (il
i

with components
M= (ilo ApUli)al0)p-

e) Show that the amplitude damping chan-
nel can be described with

Py = MopaM{ + M, paM1.

f) Show that the set {Mp, M;} are Kraus
operators giving a POVM generalized mea-
surement. (Show that the operators
M(T)MO, M];Ml are positive semi-definite
and that the set is complete).



12. More on amplitude damping channels

In the previous problem, the bottom qubit is
initialized at |0). What if we set the bottom
qubit in the state |1) at the beginning of the
circuit?

a) Using the unitary operation we computed
in the previous problem, compute two more
operators

M, =(0[gUl[l)p and Mz =(1zU|1)p.

The set {My, M3} also are Kraus operators
that form a POVM measurement.

Hint: I find that
M2:(0 0 > M3:(1 V1_7>

0 _ﬁ 0 PA P
ith v = sin? &.
Y= pI0) (0] + (1= )11 R0
b) Show that the four operators
Lo 0)
STV B
0 1=y Figure 3: A proposed circuit to perform a POVM
0 7 measurement on the first qubit that is described
N; = = M
1=Vp <0 0 ) VP My by the four Kraus operators in equation 1. The
N, = m M, last qubit measures whether the second qubit is

in the 1 or O state.

N3 =+/1-pM; (1)

also are a set of Kraus operators that form
a POVM measurement.

¢) Does the circuit in Figure 3 describe a
POVM measurement on the first qubit, that
is associated with the four Krauss operators
Ny, N7, Ny, N3? If so explain why.

d) At the end of the circuit there are two
measurements. Which measurement values
are associated with each Kraus operator?



