Homework # 3. Physics 265, Spring 2026

Topic: On Quantum Gates

Choose 7 problems to work on.

1. On a controlled 2 qubit gate

Consider a system of 2 qubits. Find
a matrix representation for the controlled
Hadamard gate with control bit the first bit
and target bit the second one. If the first
bit is 1, then apply the Hadamard gate to
the second bit.

H

The operator does this

|00) — |00)
01) — |01)
1
10) = (110 + 1)
11) - —(10) — [11))

V2

. Constructing the N-bit Cat state with
simple quantum gates

Consider a 3 qubit system which is initial-
ized in the state |000). By operating on this
state with a series of quantum gates it is
possible to put the system in the state

RS

\/§(|OOO> +[111))

‘¢>Cat =
This state is known as a cat state.

a) Design a quantum circuit that constructs
this cat state with a series of simple 1-bit

and 2-bit quantum gates starting with |000)
as input state.

(Hint: use a Hadamard and CNOTSs).

b) For n qubits and starting with state
|0000...) design a quantum circuit that con-
structs the n-bit cat state

1

\/Q(\ooooo..) +[1111...))

|’(/)>cat =

. Classical logic with 3-bit gates

Using 3-bit Toffoli gates and other two and
single bit gates, construct a quantum circuit
that can compute the OR logic gate.

In other words construct a quantum circuit
that takes as inputs |z) € {|0),|1)} for one
qubit and |y) € {|0),|1)} for another qubit
and returns a qubit that contains |z V y)
where V is the OR logic operation.

Use as many extra qubits as you need. You
can set the extra bits to whatever you want!

Hint:
(x OR y) is equivalent to (x+y+xy) = x
XOR y XOR (x AND y)

(x OR y) is equivalent to NOT( (NOT x)
AND (NOT y) )

Here addition is mod 2.
The CNOT lets you do an XOR. The Pauli-
X lets you do a NOT. The Toffoli lets you do

an AND or a NAND depending upon how
you set the third bit.

. Measuring in the Bell-state basis

We consider a 2 qubit system with an ini-
tial state |¢) that could be entangled. A
series of quantum gates are performed on
the system. These perform a unitary trans-
formation U on |¢) giving U |[¢). Then we
measure both qubits. The possible mea-
surements are 00,01, 10, 11. These measure-
ments are projections.



The quantum circuit is shown in the follow-

ing figure:
i
]

[¥)

A\ "4

a) In the standard basis what is a matrix
representation for the unitary transforma-
tion U (taking into account the operation
of both CNOT and Hadamard) that is per-
formed on the 2 qubit system prior to mea-
surement?

b) In the standard basis what do the 4 pro-
jection operators for each of the possible
measurements look like?

In other words find a projection opera-
tor Myy that when applied to the in-
put |¢) would give you a state consistent
with measurement of 00 in the above cir-
cuit. Similarly find projection operators
Moy, Myg, M1; that would give you mea-
surements of 01, 10, and 11, respectively.

Hint;: Find and wuse U™!' on
|00),[10),|01) ,|11).

The 4 orthogonal Bell states are

1Boo) = %uow + 1)
1

o) = —=(01) + 10)
1

i) = —=(100) = 11)

1Bu) = ——(jo1) — [10))

5

2

This set is sometimes called the Bell basis.

¢) Show that the circuit makes measure-
ments that can be described with the fol-

lowing 4 projection operators

Poo = |Boo) {Bool
Po1 = |Bo1) (Bo1
P10 = |B10) (B0l
Pyy = |B11) (Bu1]

. Using a Toffoli gate

Create a quantum circuit that creates the
state

1
[Wa) = 5(10001) +[0010) + 0100) +|1000))

starting from input state |0000).

I found that the 3-bit Toffoli gate was useful!
A 5-th qubit is not needed.

. On realizing the SWAP gate for two

electron spin qubits

A quantum dot holding a single electron can
serve as qubit. We consider two quantum
dots, each hosting a single electron. In the
tensor product space, [11), refers to both
electrons in the spin up state, and similarly
for the 3 other combinations of spin up and
spin down.

With two quantum dots in proximity (or
separated by a weak potential barrier), the
two electrons interact with the Heisenberg
exchange Hamiltonian

J
Hint:hz(az ®oy+0, R0oy+0,R0,).

Here o, is the Pauli X matrix and similarly
oy and o, are the other two Pauli matrices.

(a) Show that in matrix form

1 0 0 0
Jlo =1 2 o0
Hoe=h7lo 9 1 ¢ (1)
00 0 1

where the basis is in the conventional order

1), 110, 11, -



(b) Find the eigenvalues and eigenstates of
this Hamiltonian.

Hint: |11) and |[{{]) are eigenstates. You
need only find the eigenvalues of the central
non-diagonal 2x2 submatrix.

To find eigenvalues analytically (rather than
using a software package) solve the char-
acteristic equation det(A\I — H) = 0. The
roots A are the eigenvalues.

(c) If the Hamiltonian is applied for a time ¢
the system evolves with the unitary operator

U(t) _ efiHiI,tt/h

with h = J-.

iy
Show that after a time ¢t = 55 the unitary
operator U for the two-electron system gives

a swap operation

(2)

O = O O
OO = O
— o O O

Hint: U(t) is particularly simple in the basis
of H’s eigenvectors.

The phase § can be ignored because it is a
global phase.

The electrons each stay within a single
quantum dot. Only their spin varies.

This problem is based on examples given in
Haifeng Qiao’s PhD thesis.

. On indexing in base 2 for a vector
space with dimension that is a power
of 2

Matrices used in quantum computing often
have dimensions that are powers of two. For
example they are often 2" x 2™ with n a non-
zero positive integer. Indices for vectors or
matrices run from 0 to 2 — 1 and so can be
written as binary numbers with a series of
digits that are 0 or 1.

For example suppose we have a 23
dimensional vector space. An in-
dex for a vector would be in the set
{000, 001,010,011, 100,101,110, 111}.

A positive integer index i can be written as
a series of digits where each digit is in the
set { 0,1 }. We write positive integer i as a
series of binary digits ig, 91, ¢2.... where iy, is
in { 0,1 } and k is an index that refers to
the digit. Here k € {0,....,n — 1} where n
is the number of digits. Conventionally g
is the smallest digit and 7,_1 is the largest
one. For example with ¢ = 110 in base 2
the digits are 1,1,0 and ig = 0,4; = 1 and
io = 1. In base 10, i = 44+ 2 = 6. This
means that i = 922 + ;2! + i92°. More
generally

P = 12" iy 02" L

e F132% F 0922 + 124140
n—1
= Zika
k=0

Consider 2 integers ,j, both written in
terms of digits in base 2.
i = iy 1in_2..i1i0

J = Jn—1Jn—2----J1J0
We can compute the sum
ij= (Ziw’k) mod 2.
k

Because it is modulo 2 the result is either
equal to 1 or 0.

For example 0010-1010 =1 and 1111-1010 =
0.

Compute the 4 x 4 matrix with components
Hi; = (—1)"7

where ¢, j are numbers from 0 to 3 written
as a series of digits base 2.



8. On the Generalized Pauli group P,

Any element in the Generalized Pauli group
can be written as

g = /,cElEQEg....

where p € {1,—1,i,—i} and F; is a mem-
ber of {I, X,Y, Z} and operates on the first
qubit. The index ¢ tells you which opera-
tor the element operates on. The operator
E; is similarly a Pauli matrix € {I, XY, Z}
working on the i-th qubit.

a) Consider two elements g,h € P, where
P, is the Generalized Pauli group. Show
that they either commute or anticommute.
In other words show that either gh = hg or
gh = —hg.

b) Show that elements of P,, that are not the
identity have order 2 or 4. Give examples
for each possibility. An element g of order 4
satisfies g = I.

¢) Show that if S is a subgroup of P, that
does not contain —I, then S is abelian. An
abelian group is one where all pairs of ele-
ments commute.

. Transformations of a stabilizer group
(relevant for the Gottesman-Knill the-
orem)

A stabilizer is an abelian subgroup of the
generalized Pauli group that does not con-
tain —I. Abelian means the elements com-
mute. The Pauli group contains things like
Z1X3 which are tensor products of Pauli op-
erators operating on single qubits.

In a system with n qubits, a stabilizer state
can be constructed from a stabilizer group

S
) aZs’O@’"). (3)
s€ES

The normalization factor depends on per-
pendicularity of the states in the sum. A
stabilizer state [¢) is ‘stabilized’ by S if it

satisfies

s[p) = |¢)

The state |[¢) is an eigenvector with eigen-
value of 1 of all elements in the stabilizer

S.

A set of unitary operations drawn from the
Clifford group is a stabilizer circuit. (Sta-
bilizer circuits could also include measure-
ments).

Vs e S. (4)

On a 5 qubit system, we consider the state
|00000), which is a stabilizer state as it is
stabilized by the group S generated by the
following set of operators

(21, 23, Z3, Zs, Zs5)

In other words s|00000) = |00000) for all
s € S. Here each Z is the tensor product of a
Z operating on one of the qubits and identity
on the rest. The group S contains elements
like ZQZ3, Zl, Z5, 21222324, Z2Z57 .... This
set of generators generates a group S that
is abelian and has 2° = 32 elements. The
stabilizer state is consistent with equation 3
as .
00000) = ;gs |00000) .

We create a stabilizer circuit from the prod-
uct

C = CNOTo_y 4o H,. (5)

As the controlled not, operator
CNOT.=1 =2 operating on first and
second qubits, with control on the first
one and target the second one, and the
Hadamard gate operating on the first qubit,
H,, are both in the Clifford group Cs of 5
qubits, so are their product C.

a) Compute the conjugations of the gener-
ators of S (721,22, Z3, Z4, Z5) when conju-
gated by the operator C. In other words
compute CZ;CT and the same thing for Z,
and the other generators. We refer to the



10.

stabilizer group generated by this new set
of generators as S’.

Hint: it might be easier to first compute
H,Z;H, for j € {1,2,3,4,5} and then con-
jugate the results with the CNOT gate.
You can check that the resulting generat-
ing set of operators commutes (if not you
have made an error).

b) Compute the stabilizer state that is sta-
bilized by S’

[W(S) =a ) 5]00000)  (6)

ses’

where the constant a is determine by nor-
malizing [¢(S")).
¢) By direct calculation check that

CNOT; 2 H; [00000) = [(S")).  (7)

The result should agree with your answer in
part b.

Hint: you should get an entangled Bell state
on the first 2 qubits.

d) Find generators for the stabilizer group
of the state |11111).

Hint: you could apply X;X2X3X,X5 (via
conjugation) to the stabilizer of |00000).

Classical measurements commute
with controls

Consider the following 2 qubit circuit that
applies a controlled unitary operation U and
then measures the control bit.

[

L

Show that this circuit is equivalent to mea-
suring the top bit and then applying the

LYl

unitary operation to the bottom bit if you
measure a |1) in the top bit.

This equivalence is a consequence of the
principle of deferred measurement. Mea-
surements can be done at the end of a com-
putation if the results of measurement are
taken into account using controlled opera-
tions.

11. On swapping one state with another
in a 2 qubit system

Figure 1: CNOT operations. On the left we show
a controlled not (CNOT) gate where a Pauli X
operation is performed on the lower qubit if the
first and top qubit is 1. On the right we show a
similar circuit that performs the Pauli X opera-
tion on the lower qubit if the first and top qubit
is 0 instead of 1.

The ordinary CNOT (on the left in Figure
1) operates on the standard basis with

|00) — |00)
|01) — |01)
[10) — |11) °
[11) — |10)

CNOT(c=0,t=1)

Here ¢ = 0 means the control bit is bit 0
which is the first and top qubit and ¢ = 1
means the target bit is bit 1 which is the
second and bottom qubit. In this operation
the |10) and |11) states are swapped, while
the |00) and |01) states remain the same.



The CNOT shown with the open circle in
the control bit in Figure 1, performs this

permutation
|00) — |01)
_ _qy. 01)—100)
CNOT(c=mnot 0,t =1): 110) — [10) °
[11) — |11)

In this operation the |00) and |01) states
are swapped, while the |10) and |11) states
remain the same.

Both perform a permutation of the basis
states. Two basis vectors are interchanged
and the other two remain the same.

Consider the circuit diagrams in Figure 2.

a)

Figure 2: Operations that swap a pair of states.

For example, the top circuit (a) in Figure 2
does this
|00) — |00)
[11) — |11)
|01) — |10)
[10) — |01)

The |10) and |01) states are swapped.

Which two states are swapped by the oper-
ation in the other 3 circuits in Figure 27

12. On swapping two states with another
in a 3 qubit system

Figure 3: An example of a gate where two qubits
control an operation on the third. Here the top
and bottom bits are controls and the middle bit
is the target gate. The middle bit is flipped (a
NOT or a Pauli-X operation is performed) if the
top bit is 0 and the bottom bit is 1.

[Sass

Figure 4: These three circuits perform permuta-
tions of 3 qubit basis states.

The three circuits in Figure 4 perform per-
mutations of the basis states in the standard
basis.

Which circuits swap two states?
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14.

Which circuits permute more than two
states?

Which states are swapped for each circuit?

A three cycle permutation

In a 2 qubit system, there are 4 basis vectors
in the standard basis, |00) , |01),]10),|11).

Design a circuit that permutes three of the
basis vectors.

Give a matrix representation for the unitary
transformation performed by the circuit.

This can be done with CNOT gates.

How measurement in a slightly differ-
ent basis affects quantum communica-
tion

In the standard basis {|0) , |1)}, the Bell pair
state for 2 qubits is
_ L

V2

We previously showed that the Bell pair
state could also be written as

%) (100) +[11))

= () + =)

V2

In the 91 Ekart quantum key distribution
protocol, Alice and Bob each receive one bit
of a series of Bell pairs. For each qubit re-
ceived, Alice and Bob each individually and
randomly choose a basis, either {|0),|1)} or
{|+),]—)} in which to perform a measure-
ment. After each measurement they share
the basis in which they performed the mea-
surement. If they chose the same basis, then
the measured bit is kept in the key.

[¥)

Alice and Bob agree to check their key gen-
eration protocol. They generate a key that
is 10,000 bits long. Alice and Bob compare
their keys and they find that 10 of the bits
disagree, even though they were measured
in the same basis. The fraction of bits that
disagree is small, 1073. This error fraction
is too small to be caused by an eavesdropper

15.

but might be explained if Alice’s measure-
ments are done in a basis that is slightly
different than Bob’s. We will ignore sources
of noise.

Suppose that the difference between Alice
and Bob’s bases is described by a unitary
transformation Q on a single qubit. Any
unitary matrix (in U(2)) can be written in
terms of 4 angles 6, a, 3,7,

cos (3 eH@t7)

s sin 8 e*@=7)
Q=¢ <— sin 3 e~

cos B e~ at)

(8)

Assume that Alice measures in the basis
generated by this unitary transformation.
Since the fraction of errors is small we sus-
pect that «, -y, 8 are small.

What constraints on the angles 4, «, 3,y can
you infer from the fraction of errors?

Hint: Apply the operator Q ® I to the Bell
state. Compute the probability that the 2
bits, when measured, would differ.

On freeing up qubits

The following circuit computes a function
maj(a, b, c) called the majority of bits a, b, c.
The majority function returns a 0 if two or
more of the input bits are zero, and returns
a 1 if two or more of the input bits are 1.

lab + bc + ac)

Figure 5: A circuit that computes the majority
of 3 inputs.

a) Show that the circuit computes the func-
tion maj(a, b, c) = ab+ bc + ac (using arith-
metic mod 2) and that this is equivalent to
computing the majority function.

b) Using an extra qubit to store the ma-
jority result, design a 4 qubit circuit that



computes the majority, puts it in the last
qubit, and returns the first three qubits
(with a,b,¢) to their original values.

The majority circuit (in its form shown in
Figure 5) is used in quantum add circuits!.

16. Propose and solve your own problem!

Thttps://arxiv.org/pdf/quant-ph/0410184 A new
quantum ripple-carry addition circuit, Steven A. Cuc-
caro, Thomas G. Draper, Samuel A. Kutin, David Petrie
Moulton. Also https://arxiv.org/pdf/2208.11725 Ev-
erything You Always Wanted to Know About Quantum
Circuits, Edgard Munoz-Coreas and Himanshu Thapliyal



