Homework # 1. Physics 265, Spring 2026

Topic: On linear algebra and notation com-
monly used in quantum mechanics and quantum
computing

Choose 8 problems to work on. Please up-
load your solutions onto blackboard. Let
me know if you think this is too ambitious
for you. The length of the problem sets
can be adjusted to better match your cur-
rent physics and math background!

A unitary matrix is a square complex ma-
trix that satisfies UUT = U'U = I. A uni-
tary matrix transforms one orthonormal basis
to another. A Hermitian matrix is self-adjoint;
A=At

1. On the definitions of unitary and Her-
mitian
a) Find an example of a non-identity 2x2
matrix that is both unitary and Hermitian.

b) Find an example of a non-identity 3x3
matrix that is both unitary and Hermitian.

¢) Find an example of a non-zero Hermitian
matrix that is not invertible (does not have
an inverse).

2. On properties of unitary matrices

a) Explain why each row of a unitary matrix
is orthogonal to every other row and why
each row has a norm of 1.

b) Explain why each column of a unitary
matrix is orthogonal to every other column
and why each column has a norm of 1.

¢) For a a real number, and for U a unitary
matrix, is e**U a unitary matrix?

d) Consider an N x N unitary matrix U with
eigenvalues \; with ¢ € 0....N—1. Show that
the eigenvalues must be complex numbers
on the unit circle. In other words |A;| = 1,

they must be complex numbers with length
1.

e) A unitary operator Q satisfies Q* = I
where I is the identity operator. The dis-

crete quantum Fourier transform is an ex-
ample of such an operator.

What are the possible eigenvalues of Q7

. On commutators

An operator a satisfies
[a,al] =aal —afa=1

where I is the identity.
Show that a cannot be Hermitian or unitary.

Hint: Show that Unitary and Hermitian op-
erators are normal matrices which are those
satisfying aal = afa.

This commutator is obeyed by a raising op-
erator but a raising operator is usually not
Hermitian or unitary.

. On the inner product, expectation

value and uncertainty

For Hermitian operator A and state-vector
|1) the expectation value (A) = (| A |).

The uncertainty AA is a real number that
is defined by

AA =/(A?%) —(A)? (1)

Show that the expression inside the square
root is always greater or equal to zero.

Hints:

(A?%) — (A)? = (A - (A)) x (A — (A))).
Use this fact to show that the expression
for (AA)? can be written as (v|v) for some
vector |v).

. On measuring a single qubit in mutu-

ally unbiased bases



You have a mechanism that can produce a
qubit that is in a particular state

) = al0) +b]1)

for two complex numbers a,b. We assume
this state is normalized, so aa™ +bb* = 1. It
may be convenient to work with |¢)) on the
Bloch sphere and in the form

) = e (cosz 0) + i? sing |1>>

where 7 is a global phase.

The mechanism that you have access to
can produce as many qubits in this par-
ticular state as you desire. Using many
measurements you would like to find a,b
and so determine what quantum state your
mechanism produces. This procedure is
called quantum state tomography. Quan-
tum state tomography is when a quan-
tum state is reconstructed using measure-
ments on an ensemble of identical quantum
states.

a) Suppose you make a series of many mea-
surements in the {|0),|1)} basis. What do
you learn about the state [¢0)? In other
words, what do you learn about a and b
or equivalently about the Bloch state angles

0,077

Hint: the probability of measuring 0 (corre-
sponding to |0)) for a measurement in the
{]0),]1)} basis is | (0[t)) |?. For intuition see
Figure 1.

b) Suppose you also make a series of
many measurements in the {|+),|—)} ba-
sis. What more do you learn about the state

)7

Hint: For a measurement in the {|+),|—)}
basis the probability of getting state |+) af-
terwards is | (+]1)) |2

¢) Suppose you also make a series of mea-
surements in the {|i),|—i)} basis. Do you
gain additional information?
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Figure 1: Consider different positions on the
Bloch sphere that lie on one of the horizontal
planes. The different points would have the same
probability of measurement when measuring in
the {|0),]1)} basis.
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The meaning of mutually unbiased. Con-
sider an orthonormal basis which we denote
by the set {|v;)} (for different values of in-
dex j) and a different orthonormal basis
which we denote by the set {|w;)}. The two
bases are mutually unbiased if | (v;|wg) |? is
independent of j, k. The basis {|0),]1)} and
the basis {|+),|—)} are mutually unbiased
since

O [ = [{O[=) | = [ (L) [ = [ {1[=) |-

Measurements in one basis do not reveal
anything about potential measurements in
the other basis. By doing measurements in
both bases, you could optimally gain infor-
mation about a quantum state or system.



6. On the cyclic nature of the trace

a) Show that the trace operator is cyclic.
tr(ABC) = tr(BCA)

where A, B, C are two dimensional square
matrices.

It may be convenient to use summation no-
tation. If a matrix A has elements A4;; in an
orthonormal basis, then trA = 3. A;; and
the sum is over j € 0,1,.....N — 1 where N
is the dimension of the vector space.

Matrix multiplication can also be done with
indices. If D = AB then

Di = > _ Ai;Bj
J

for matrices A, B, D.

b) Suppose a matrix A can be diagonalized
with a unitary operator U. In other words
A = UDU' where D = diag(A1, A2, As...) is
a diagonal matrix with values on the diago-
nal ;. Show that

trA = Z)\i

It may be helpful to remember that a uni-
tary matrix satisfies UU' = U'U = I where
I is the identity matrix.

¢) For any operator A show that tr(A) is
independent of basis.

Hint: Any change of basis can be described
via a unitary matrix U. To change basis
A’ = UAUT as both bras and kets must be
transformed.

. Eigenvectors are perpendicular and
more

a) Suppose \;, A; are eigenvalues of a Hermi-
tian matrix A with associated eigenvectors
le;), le;) and suppose that A\; # A;.

A vector |e;) is an eigenvector of matrix A
with eigenvalue \; if Ale;) = Ajle;) and
le;) is not zero.

Show that the two eigenvectors are perpen-
dicular; (e;le;) = 0.

b) Show that any Hermitian operator A has
eigenvalues that are real numbers.

¢) Consider U unitary and A, B Hermitian.
Show that if UAU' = B, then A,B have
the same spectrum of eigenvalues.

d) Consider Hermitian operators A, B that
commute; [A,B] = 0. Explain why this
means that they are simultaneously diago-
nalizable.

. The Pauli spin matrices

Many quantum algorithms use simple single
qubit transformations such as the Pauli spin
matrices.

The Pauli spin matrices are

They satisfy 02 = 02 = 02 = I where I is

the identity matrix and

0x0y = —0y0y = 10,
Oy0, = —0,0y = 10,
0,0, = —0,0, = 10y

The Pauli spin matrices are unitary.

a) What are the eigenvalues and eigenvec-
tors of 0,7

b) Show that the unitary matrix H =

% (0, +0) diagonalizes o,. In other words

show that Ho,H' is a diagonal matrix.

H is known as the Hadamard gate and is

1 1 1
-7 (1 o1)
¢) Find the eigenvalues and eigenvectors of
O, Oy



d) Find a unitary matrix that diagonalizes
0y. In other words, find U such that o, =
UAUT where A is a diagonal matrix.

. Using measurements to describe a uni-
tary transformation

You have access to a quantum system con-
sisting of a qubit. You can apply a unitary
transformation

U =¢"%" =cosal +isinao,

to the qubit, where o, is the Pauli X ma-
trix, and « is a phase that you would like
to measure. The phase « is a real number
satisfying 0 < a < 2.

Quantum process tomography is when
known quantum states and measurements
are used to probe the nature of quantum
process so that it can be accurately de-
scribed.

e You initialize your qubit in the |0)
state.

e You then operate on the qubit with
the unitary operator U, giving you the
state U |0).

e Then you make a measurement in a ba-
sis of your choice.

e You can repeat this procedure as many
times as you like.

a) Design a series of measurements to mea-
sure the mystery phase a.

b) How many measurements would you need
to determine cos a to an accuracy of 10%?

Hint: Use the mean and vari-
ance of the Bernoulli distribution
https://en.wikipedia.org/wiki/
Bernoulli_distribution. The vari-
ance of the Bernoulli distribution is a
maximum if the probability of an outcome
is 1/2 and you can use that value to
estimate the number of measurements you
would need to ensure that the standard
deviation of combined measurements to be
smaller than 0.1.

10. On distributions of states

To integrate over the Bloch sphere we use
the surface area element sinf df d¢ .

™ 2m
/ de sin9/ do = 4. (2)
0 0

Consider a probability distribution of qubit
states that is uniformly distributed on
the Bloch sphere. The uniform probability
distribution

71
CAx

p(0,¢) (3)

This integrates to 1 when integrated over
the sphere and using the area element
sin @ df de¢.

Consider a series of measurements of the
Pauli-z matrix (o,) where each time you
make a measurement you sample a state
that is uniformly distributed on the Bloch
sphere.

a) Compute the average measured value of
o, for this uniform distribution of states

E (0, ¢)| o2 [¥(0, ¢)) (4)
Here
[4(8, ¢)) = cos(6/2)|0) + sin(6/2)e'® |1z5)

and o, = |0) (0] — |1) (1].

You want to compute

T 27
/d9 sine/ do p(0,¢) (V(0,¢)| 0. [¥(0,¢))
0 0 (6)

b) Compute the standard deviation of a se-
ries of o, measurements using a uniform dis-
tribution of states on the Bloch sphere.

c) Suppose prior to each measurement the
system has probability 1/2 of being in the
|0) state and probability 1/2 of being in the



11.

|1) state. What is the mean and standard
deviation of a series of o, measurements?

d) Suppose prior to each measurement the
system is placed in the state %OO) +|1)).
What is the mean and standard deviation of
a series of o, measurements?

Note your answer in b is not necessarily the
same as the answer in ¢ or d. The sphere
contains quite a bit of area near its equator.

On qubit global phase

Two quantum states can be considered
equivalent if they only differ by a complex
phase. In other words |¢) = |¢) if

|6) = €™ |¢)
for a real number «, which we call the phase.

This equivalence makes sense as there is no
way to measure o with conventional quan-
tum measurements (in an isolated system).

Below I give a list of pairs of states. Which
pairs of states represent equivalent quantum
states for a single qubit? If they are equiv-
alent find the phase «. If the states are
not equivalent describe a measurement for
which the probabilities of the outcomes of
the two states differ. In other words, find
an operator A that gives different (A) for
each state.

a) 75 (|+) +1-)) and |0)

b) 75 (li) + |=i)) and |1)
0 35 0+ -4 1) and 35 (@741) + 1)
d) |+) and |3)

+) = — (100 + 1)

=) == (00 = 1)
i) =

|—i) =

(10) + 1))

(10) = ¢1))
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13.

On the Bloch sphere

a) Show that no point |z) on the Bloch
sphere satisfies

(z]oy |7) = (2] 0y |7) = (2] 02 [2) = 0

where 0,0y, 0, are the Pauli spin matrices.

b) Are there any points on the Block sphere
that satisfy

(z]oy |2) = (2] 0 [x) = 07

If so find them.
Hints:

Any point on the Bloch sphere can be writ-
ten with two angles ¢, 0 as

|z) = cos(#/2) |0) + sin(6/2)e' |1)

The solution to (z|o, |z) = 0 is a great cir-
cle on the Bloch sphere. Similarly for o,
and o,.

New problems!

Propose and solve your own problem. Or
find a problem that you have not yet solved
from another problem set or from a text
book on quantum computing or quantum
information to work on.



