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1 Universal gate sets on a classical computer

We start with a Boolean function

f(x) → 1 or 0 (1)

where x is a string of n bits;
x = i0, i1, i2, i3....in−1

and the digits ib ∈ {0, 1}.
Any Boolean function in the form of equation 1 can be written as a set of conditions

involving the Boolean operations AND, OR and NOT. We show how to construct this set
of logical operations. We make a list of all the strings that satisfy the function f(x) = 1.
Suppose that xa is a specific string that satisfies the function so f(xa) = 1. Suppose our
xa = 010.... We can construct a Boolean function

ī0 ∧ i1 ∧ īi...

that is only satisfied if the first bit is 0 and the second bit is 1 and the third bit is 0, etc.
Here ∧ is the AND function and ī we use for NOT i for digit i. We can adjust the position
of the NOTs so that the function is only 1 for the specific string xa. This gives a function
fa(x) that is only 1 if x = xa.
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Figure 1: Various logical operations. Here x, y ∈ {0, 1}.

Figure 2: Constructing OR and XOR from NANDs. Here x, y ∈ {0, 1}.

A Boolean equivalent of the original function f(x) is

f0(x) ∨ f1(x) ∨ f2(x) ∨ f3(x)...

where ∨ is the OR gate. where each of the functions fa() is for a specific string xa that
satisfies the function f(xa) = 1.

We have used three gates (AND, OR, NOT). With these we could construct any Boolean
function in the form of equation 1. In this sense the set (AND, OR, NOT) is a universal
gate set for classical computing.

AND and OR alone are not a universal gate set. The set (AND, OR) is not universal
as the operations are both monotone increasing. That makes it difficult to flip a bit. You
can’t combine ANDs and ORs to make a XOR.

AND, OR, and XOR are not universal.
NAND and NOR are universal.
Any Boolean logical operation involving n bits can be constructed of NAND opera-

tions involving 2 bits. Thus NAND is a universal gate set for Boolean logic circuits
and so for classical computing. The NAND gate is universal as all other logic computa-
tions can be constructed from NANDs. For example, NOT is constructed by connecting
both inputs together, the output is NAND(x,x) = NOT x. An AND is constructed by
with NOT(NAND(x,y)). The other gates follow from combinations of NANDs, ANDs and
NOTS. Some examples are shown in Figure 2.
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Figure 3: The CNOT (controlled NOT) performs a XOR operation and puts the result in
the bottom qubit. Here x, y ∈ {0, 1}. The top bit is called the ‘control’ bit and the bottom
bit is called the ‘target’ bit.

2 Logical operations on a Quantum computer

Can a quantum computer do the same calculations as a classical computer? We start with
Boolean operations and devise ways to carry them out on a quantum computer.

2.1 Classical logical operations on a two bit quantum computer

The NOT function can be done on a single qubit with the Pauli-X operator as σx |0⟩ = |1⟩
and σx |1⟩ = |0⟩.

The CNOT (controlled NOT) gate takes two bits x, y and computes x, x + y (with
circuit shown in Figure 3. Here x, y ∈ {0, 1}.

CNOT : |x, y⟩ → |x, x+ y⟩

It flips the second bit only if the first one is 1. Here x + y is computed mod 2 so it is
1 for bits xy = 01 or 10 and is 0 for bits xy = 00 or 11. The CNOT logic operation on
the second bit output is equivalent to the XOR (exclusive OR) of x, y. The XOR logical
operation is sometimes written as x⊕ y.

x y x XOR y

0 0 0
0 1 1
1 0 1
1 1 0

The CNOT is invertible as CNOT2 = I gives back the identity.
Unitary transformations are reversible as each unitary transformation has an inverse.
Can logical functions be reversible? We consider logic functions that take 1 bit and

return 1 bit. There are 2 possible inputs and 2 possible outputs. The total number of
possible functions is 22 = 4.
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Functions of 1 bit that return 1 bit

constant 0 returns 0 for inputs 0 or 1
constant 1 returns 1 for inputs 0 or 1
NOT returns 1 if input is 0 and returns 0 if input is 1
identity returns the input

Which of these functions are invertible? The constant functions are not invertible but
the NOT and identity are.

How many possible functions take two classical bits and return two classical bits? We
take bits x, y → x′, y′. There are 4 possible inputs 00, 01, 10, 11, and 4 possible outputs
00, 01, 10, 11 for each input. For each possible input you have four choices for the possible
outputs. A function is specified by what outputs you have for each possible input. The
number of possible functions is 44 = 256. So the number of possible functions is 256.

How many of these functions of 2 classical bits to 2 bits are invertible? To be invertible
the set of outputs must contain all possible states. This means that the functions are
permutations of the input states. There are 4 ways to chose the output for the input 00,
then 3 ways to choose the output for input 01, then 2 ways to choose the output for input
10, and then only 1 way to chose the output for input 11. The total is 4! =24 possible
invertible functions.

The invertible functions of 2 classical bits to 2 bits can be described with a function

f(x, y) =

[
A

(
x
y

)
+ b

]
mod 2 (2)

where A must be in the set of invertible matrices that only contain 0s and 1s;

A ∈

{(
1 0
0 1

)
,

(
0 1
1 0

)
,

(
1 1
1 0

)
,

(
0 1
1 1

)
,

(
1 0
1 1

)
,

(
1 1
0 1

)}
and b must be in the set

b ∈

{(
0
0

)
,

(
0
1

)
,

(
1
0

)
,

(
1
1

)}
.

For the matrices, the first 4 of them are Hermitian with non-zero determinant, so they are

are all invertible. The second to rightmost matrix has inverse

(
1 0
−1 0

)
and the last one

has a similar inverse. Here x, y ∈ {0, 1} and the function returns 2 numbers also in {0,1}.
There are 6 ways to choose invertible matrix A and 4 ways to choose vector b, giving 24
possible invertible logic functions that can be done via unitary transformation on 2 qubits.

The transformations in equation 2 are known as affine transformations. The AND
expression cannot be written in terms of an affine transformation. To make this clearer we
make a table of logic operations in terms of addition mod 2.
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Logical operations as arithmetic expressions mod 2

operation logic description expression mod 2

NOT x x+ 1
XOR x⊕ y x+ y
AND x ∧ y xy
OR x ∨ y xy + x+ y

NAND x ∧ y xy + 1
NOR x ∨ y xy + x+ y + 1

The AND operation is described with a product, so it cannot be written in terms of
an affine transformation. Suppose we encode x, y → x, xy. If the output state has x = 0
and xy = 0 then we have no information about y. We cannot infer the input state. The
function is not invertible. With only two qubits and unitary transformation alone we
cannot simulate all classical Boolean logic operations.

In summary, there are many 2 qubit logical operations (256) but most of them are not
affine (only 24) many are not invertible. It is not possible to find 2 qubit unitary transfor-
mations (that are both linear and invertible) to carry out all possible logical operations.

2.2 3-bit gates: the Toffoli gate

Figure 4: The circuit notation for the 3 bit Toffoli gate. The bottom bit is flipped if both
the other two bits are |1⟩. Here x, y, z ∈ {0, 1}.

The Toffoli gate is a controlled-controlled NOT or a ccNOT. It is a 3-qubit gate that
flips the third bit if and only if the first two bits are both 1 (see Figure 4). Another way
to write the Toffoli gate is

|x, y, z⟩ → |x, y, xy + z⟩
where the arithmetic is mod 2 and x, y, z ∈ {0, 1}. The Toffoli gate is special in that it has
a product in the output and so it is non-linear! This differs from controlled two bit gates
which are affine.

The 3 qubit Toffoli gate can be used to construct a NAND. The third bit is the output
of a NAND given the inputs of the other two and setting the z bit to 1. In other words

To |x, y, 1⟩ = |x, y, xy + 1⟩ = |x, y, xy⟩ .
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With three qubits on a quantum computer we can construct a NAND gate. Because of
the classical universality of the NAND gate, our quantum computer has a universal gate
set for classical logical operations. A quantum computer that can perform a NAND can
execute all operations that are possible on a classical computer.

Question: Is the Toffoli gate reversible?
To answer this question we compute the following for To(0, 1, 2) where control bits are

0,1 and the target bit is 2.

To |000⟩ = |000⟩
To |001⟩ = |001⟩
To |010⟩ = |010⟩
To |011⟩ = |011⟩
To |100⟩ = |100⟩
To |101⟩ = |101⟩
To |110⟩ = |111⟩
To |111⟩ = |110⟩ .

The Toffoli gate resembles the identity except

|110⟩ ↔ |111⟩ .

The matrix representation for this Toffoli gate using the order given above for the basis
vectors is

To =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


.

As the Toffoli gate simply permutes basis states, it is unitary.
As the Toffoli gate is unitary, the operation is reversible, so the answer to the above

question of whether it is invertible is Yes.
The logical operation alone (the AND) need not be invertible. Three bits are used as

the extra information needed for inversion is stored in the other two bits.
Question: Is it possible to construct a 3-bit CCNOT (or Toffoli gate) using 2-qubit

gates? You can apply the 2-qubit gates to different pairs of bits.
Answer: Yes. But it requires at least 5 2-qubit gates. The Toffoli gate can be con-

structed from single qubit gates (T, H) and six CNOTs as shown in Figure 5. The T gate
is T = diag(1, eiπ/4). Even though the Toffoli performs a permutation of states, I think
that it cannot be constructed from CNOTs alone (it is not in the Clifford group).
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Figure 5: How to construct a Toffoli gate from two qubit CNOT gates, and single qubit
Hadamard and T gates.

2.3 Quantum versions of some classical bit operations

Using the Toffoli gate
To |x, y, z⟩ = |x, y, z + xy⟩

we construct NOT, XOR, AND and NAND operations.

Logical operations with a 3-bit Toffoli gate

NOT x To |x, x, 1⟩ = |x, x, x+ 1⟩ |x, x, x̄⟩
XOR x⊕ y To |1, x, y⟩ = |1, x, x+ y⟩ |1, x, x⊕ y⟩
AND x ∧ y To |x, y, 0⟩ = |x, y, xy⟩ |x, y, x ∧ y⟩
NAND x ∧ y To |x, y, 1⟩ = |x, y, xy + 1⟩ |x, y, x ∧ y⟩

Here x, y ∈ {0, 1}, and we are using arithmetic mod 2, so x+ y is x XOR y, and is not
x OR y.

Other logical operations can be constructed from these. For example

x OR y = x ∨ y = x+ y + xy = (x XOR y) XOR (x ∧ y).

Another example
x OR y = NOT(NOTx ∧NOTy)

In summary: the Toffoli gate (also called CCNOT) is a quantum gate that
allows universal classical logical calculations to be done on a quantum computer.

2.3.1 A 1-bit adder with a carry bit

We consider binary bits x, y, c, s, c′ ∈ {0, 1}.
We sum two bits x, y including a carry bit c.
The sum bit is s = x+ y + c.
The new carry bit c′ = cx+ cy + xy.
Here arithmetic is done mod 2.
A quantum circuit that carries out this operation is shown in Figure 6.
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2 bit Adder

x y c s c′

0 0 0 0 0
0 1 0 1 0
1 0 0 1 0
1 1 0 0 1
0 0 1 1 0
0 1 1 0 1
1 0 1 0 1
1 1 1 1 1

Figure 6: The quantum circuit notation for a 1-bit adder. Here x, y are added. The output
bit is s. Input is also a carry bit c and a new carry bit is output as c′. The circuit is built
from Toffoli gates and CNOTs. A series of these could be used to make a multi-bit adder.
Here x, y, z, c, c′, s ∈ {0, 1}.

3 Parallelism and Measurement on a Quantum Computer

3.1 Quantum parallelism

Consider an 3 qubit system that is initialized in the state |000⟩. We perform a Hadamard
operation on each qubit

|ψ⟩ = H ⊗H ⊗H ⊗ |000⟩

=
1

2
3
2

(
|000⟩+ |001⟩+ |010⟩+ |011⟩

+ |100⟩+ |101⟩+ |110⟩+ |111⟩
)
.

The result is a state that contains every possible bit combination all at once.
We now consider a Boolean function that takes as arguments 2 bits and returns a third

bit. An example would be a logical operation such as AND. The Toffoli gate

To |x, y, 0⟩ = |x, y, x ∧ y⟩
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Figure 7: A circuit demonstrating quantum parallelism. The resulting state is 1
2(|000⟩ +

|010⟩+ |100⟩+ |111⟩ and contains the truth table for AND which is performed by the Toffoli
gate.

is an example of such a function on a 3 qubit computer.
What happens if we operate with the Toffoli gate on the wave vector H ⊗H ⊗ I |000⟩

that has all possible combinations of bits in the first 2 bits? A circuit is shown in Figure 7.

To(H ⊗H ⊗ I) |000⟩ = To
[1
2
(|00⟩+ |01⟩+ |10⟩+ |11⟩)⊗ |0⟩

]
=

1

2
(|000⟩+ |010⟩+ |100⟩+ |111⟩).

The first and second bits contain the possible input values and the third bit contains the
result of the AND operation. Each state is a line in the truth table:

x y x ∧ y
0 0 0
0 1 0
1 0 0
1 1 1

The state contains information about all possible operations of the operation done by
the Toffoli gate. This is known as quantum parallelism. However it is not necessarily
easy to extract all the information contained in the wave vector. A single measurement of
all three qubits will only reveal a single line in the truth table.

3.2 Implementing Measurements on a Quantum Computer

A unitary operator U can be used to transfer from one orthonormal basis B1 to another
orthonormal basis B2. Suppose that B1 is the standard basis. If you can perform the
unitary transformation U on a quantum computer, then you can make measurements in
the second basis B2.
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Figure 8: Measurements can be made in another basis by transforming to the other basis
with a unitary operator.

As shown in Figure 8 an initial state |ψ⟩ is transformed via a unitary operator U, and
becomes U |ψ⟩. Then each qubit is measured.

What initial state |ψ⟩ would give us 100% probability that a 00000.... is measured?
The answer is |ϕ⟩ = U−1 |0000....⟩. Notice that |ϕ⟩ is a basis vector.

As unitary transformations preserve the dot product, if ⟨v|w⟩ = 0, then U |v⟩ is orthog-
onal to U |w⟩.

How do we write this measurement in terms of a set of projection operators? We can
use the basis vectors. Let

|ϕi⟩ = U−1 |i⟩

where i is an integer that goes from 0 to 2N and N is the number of qubits. The state
vector |i⟩ denotes the state with i written in base 2. The projection operators for the
measurement are

P|i = |ϕi⟩ ⟨ϕi|

Because the set of vectors |ϕi⟩ (for all i) form an orthonormal basis, the projection operators
are orthogonal and complete.

3.2.1 Example: Measuring in the |+⟩ , |−⟩ basis

The Hadamard operator H is unitary. As

H |0⟩ = 1√
2
(|0⟩+ |1⟩) = |+⟩

H |1⟩ = 1√
2
(|0⟩ − |1⟩) = |−⟩ (3)

the Hadamard operation transforms from the {|0⟩ , |1⟩} basis to the {|+⟩ , |−⟩} basis. As
the Hadamard is its own inverse, it also provides the inverse transform.

The Pauli X operator has eigenvectors |+⟩ , |−⟩, so measuring in the {|+⟩ , |−⟩} basis
is equivalent to measuring with the Pauli X operator.
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Figure 9: Measuring in the {|+⟩ , |−⟩} basis. The Hadamard operator transforms from the
{|0⟩ , |1⟩} basis to the {|+⟩ , |−⟩} basis.

To measure in the {|+⟩ , |−⟩} basis we can run the circuit shown in Figure 9.
With input

|ψ⟩ = a |0⟩+ b |1⟩ = a√
2
(|+⟩+ |−⟩) + b√

2
(|+⟩ − |−⟩)

=
a+ b√

2
|+⟩+ a− b√

2
. (4)

The probability the state |ψ⟩ is in the |+⟩ state is

p+ = | ⟨+|ψ⟩ |2 = 1

2
(a+ b)(a∗ + b∗). (5)

What does the circuit of Figure 9 do?

H |ψ⟩ = a√
2
(|0⟩+ |1⟩) + b√

2
(|0⟩ − |1⟩)

=
a+ b√

2
|0⟩+ a− b√

2
|1⟩ . (6)

When running the measurement, the probability a zero is measured is

p0 =
1

2
(a+ b)(a∗ + b∗) (7)

which is the same as given in equation 5.
In Figure 9 the H operator transforms the qubit into the |+⟩ , |−⟩ basis. The measure-

ment afterwards gives a 0 with probability equal to the probability that the initial state
was in the |+⟩ state and gives a 1 with probability that the initial state was in the |−⟩ state.
Hence the measurement is equivalent to doing a measurement in the {|+⟩ , |−⟩} basis.

3.3 Measurement of a single bit affects the entire system

Measurement of even a single bit can change the entire state vector. This is not necessarily
surprising if the state vector is entangled.

For example, consider this circuit which measures the parity of three bits. The fourth
bit becomes |1⟩ if the first three bits has an odd number of 1s in the state.
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Figure 10: A quantum circuit for computing the parity of three bits. The bottom bit
becomes |1⟩ if there is an odd number of 1s in the first three bits. Here x0, x1, x2 ∈ {0, 1}.

Parity Measurement

Initial state Final Last bit Final state
after CNOTs

|000⟩ ⊗ |0⟩ |0⟩ |0000⟩
|001⟩ ⊗ |0⟩ |1⟩ |0011⟩
|010⟩ ⊗ |0⟩ |1⟩ |0101⟩
|011⟩ ⊗ |0⟩ |0⟩ |0110⟩
|100⟩ ⊗ |0⟩ |1⟩ |1001⟩
|101⟩ ⊗ |0⟩ |0⟩ |1010⟩
|110⟩ ⊗ |0⟩ |0⟩ |1100⟩
|111⟩ ⊗ |0⟩ |1⟩ |1111⟩

Notice in Figure 10 that the first three bits appear to be unchanged during the compu-
tation. What happens if the initial wave function is a superposition and we measure the
last bit?

The circuit is shown in Figure 11. Because we gain information about the state vector,
the state vector must be affected by the measurement.

Figure 11: A quantum circuit that takes a measurement of the bottom bit for the parity
circuit in Figure 10. If the first three bits are in a superposition state, then after measure-
ment, the state vector of the first three bits will not be the same as the initial one.

We can describe the measurement operation in terms of two projection operators that
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operate on the state after the CNOTs have been applied

P0 = |0000⟩ ⟨0000|+ |1010⟩ ⟨1010|+ |0110⟩ ⟨0110|+ |1100⟩ ⟨1100|
P1 = |0011⟩ ⟨0011|+ |0101⟩ ⟨0101|+ |1001⟩ ⟨1001|+ |1111⟩ ⟨1111| .

The P0 operator contains states that have parity (summing the first three bits) equal
to 0 and the last bit is the parity value of 0.

The P0 operator contains states that have parity (summing the first three bits) equal
to 1 and the last bit is the parity value of 0.

These two operators are orthogonal but they are not complete. This is because states
that have parity of the first three bits not equal to the value of the last bit must be taken
into account. Also we need to take into account states with initial lowest bit |1⟩. We can
make a complete set by adding an additional third projection operator

P2 = |0001⟩ ⟨0001|+ |1011⟩ ⟨1011|+ |0111⟩ ⟨0111|+ |1101⟩ ⟨1101|
+ |0010⟩ ⟨0010|+ |0100⟩ ⟨0100|+ |1000⟩ ⟨1000|+ |1110⟩ ⟨1110| (8)

=(I⊗ I⊗ I⊗X)(P0 +P1)(I⊗ I⊗ I⊗X). (9)

We need to multiply by the Pauli X on both sides because both ket and bra vectors must
be flipped in the last bit. This projection operator takes into account what happens if
the lowest qubit is initially |1⟩ and states where the parity of the first three bits is not
equivalent to the last bit.

Let’s try to understand the form of equation 9. Suppose we have the projection operator

p0 = |0⟩ ⟨0| =
(
1 0
0 0

)
(10)

and we would like to convert it into the projection operator

p1 = |1⟩ ⟨1| =
(
0 0
0 1

)
. (11)

Consider the operator

Xp0X (12)

which is equivalent to flipping the bit twice. The Pauli X

X =

(
0 1
1 0

)
= |0⟩ ⟨1|+ |1⟩ ⟨0| . (13)

Xp0X = (|0⟩ ⟨1|+ |1⟩ ⟨0|) |0⟩ ⟨0| (|0⟩ ⟨1|+ |1⟩ ⟨0|) (14)

= |1⟩ ⟨1| = p1. (15)
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Equivalently

Xp0X =

(
0 1
1 0

)(
1 0
0 0

)(
0 1
1 0

)
=

(
0 0
0 1

)
= p1. (16)

Hopefully this makes it easier to understand equation 9.
We now return to our discussion of the circuit shown in 11 to compute parity of three

bits. Consider an input state vector for the first three qubits

|ψ⟩ = a000 |000⟩+ a001 |001⟩ ....a111 |111⟩

The input state (including all 4 qubits) for the circuit shown in 11 is

|ψ⟩input = |ψ⟩ ⊗ |0⟩ .

What is the final state after measurement in Figure 11 if a 1 is measured or if a 0 is
measured?

The final state vector has been changed by the measurement because we have gained
information from the measurement.

Parity measurement of a superposition state

Measured Final state
Parity

0 (a000|000⟩+a110|110⟩+a101|101⟩+a011|011⟩)⊗|0⟩√
a000a∗000+a110a∗110+a101a∗101+a011a∗011

1 (a001|001⟩+a010|010⟩+a001|001⟩+a111|111⟩)⊗|1⟩√
a001a∗001+a010a∗010+a001a∗001+a111a∗111

The quantum state for 4 qubits can be considered as the tensor product H3 ⊗ Hlast

where H3 is the quantum space of the first three qubits and Hlast is the quantum space of
the last qubit. After measuring the last qubit the resulting state is a tensor product and
not entangled. But if a 0 is measured the state of the first 3 qubits is not equivalent to
their state if a 1 is measured. The circuit of Figure 11 suggests that the first 3 qubits are
not affected by the measurement. However, if the initial state is entangled, the resulting
state after measurement depends upon the value of the measurement.

3.4 Deferred measurement

The principle of deferred measurement: Measurements can always be moved from
an intermediate stage of a quantum circuit to the end of the circuit. If the measurement
results are used at any stage of the circuit, then the classically controlled operations can
be replaced by conditional quantum operations.
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Figure 12: Teleportation of an unknown qubit state |ψ⟩. Bob performs a σx on his qubit
if Alice measures 1 in her second qubit (here the middle one). Then Bob performs a σz on
his qubit if Alice measures 1 in her first qubit (here the top one). The gates X,Z are the
Pauli operators.

Figure 13: Teleportation of an unknown qubit state |ψ⟩. This circuit is equivalent to that
shown in Figure 12 except measurement is delayed. Instead of depending upon classical
communication, this circuit requires Bob to have access to all qubits. The circuit uses
controlled versions of the Pauli operators X,Z.

As an example, we show the quantum teleportation example discussed previously. In
Figure 12 Alice does two measurements and then send the results to Bob. In Figure 13,
the classical information is not used, instead it is replaced by two controlled operations.

Quantum teleportation with deferred measurement

State to teleport |ψ⟩ = a |0⟩+ b |1⟩
Initial state |ψinit⟩ = 1√

2
(|00⟩+ |11⟩)⊗ |ψ⟩

= 1√
2
(a |000⟩+ a |011⟩+ b |100⟩+ b |111⟩)

Perform CNOT(c=0,t=1) |ψ1⟩ = 1√
2
(a |000⟩+ a |011⟩+ b |110⟩+ b |101⟩)

Perform H0 |ψ2⟩ = a
2 (|000⟩+|100⟩+|011⟩+|111⟩) + b

2(|010⟩−|110⟩+|001⟩−|101⟩)
Perform Λ(c=1,t=2,σx) |ψ3⟩ = a

2 (|000⟩+|100⟩+|010⟩+|110⟩) + b
2(|011⟩−|111⟩+|001⟩−|101⟩)

Perform Λ(c=0,t=2,σz) |ψfinal⟩ = a
2 (|000⟩+|100⟩+|011⟩+|110⟩) + b

2(|011⟩+|111⟩+|001⟩+|101⟩)
Final state = 1

2(|00⟩+ |01⟩+ |10⟩+ |11⟩)⊗ (a |0⟩+ b |1⟩)
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In this table, I am referring to control bits with c = and target bits with t = and I am
indexing from 0 with the top bit in the figures being the 0-th bit. The symbol Λ describes
a controlled operation. The gate H0 refers to a Hadamard applied to the first/top qubit.
The intermediate states are labelled in Figure 13.

The last line of the table is consistent with the results of the circuit in Figure 12 if you
consider each possible measurement. In the circuit in Figure 13, the measured information
is not necessarily used.

This leads to another principle in quantum computing: At the end of a calculation, bits
that are not used can be assumed to have been measured.

While this example shows that we can defer measurement and achieve the same results,
if Bob does not have access to the top 2 qubits he cannot perform controlled operations that
depend on them. In the teleportation example, the transmission of classical information is
replaced by the ability to perform controlled operations.

Furthermore, after Alice measures the two qubits they are no longer entangled with
Bob’s. These two qubits could be used for other calculations after Alice measures them,
so in some cases there are advantages to carrying out measurements within a calculation.

4 Realizing Unitary Transformations and Universality on a
Quantum Computer

4.1 What is meant by universality on a quantum computer?

Question: Will we able to solve any problem on a quantum computer that can’t be solved
on a classical computer, regardless of resources?

Answer: No. However, the number of basis states in an N qubit machine is 2N . This
number gets large quickly as N increases. So a few qubit system could be a powerful
computer.

Note that a classical N bit computer also contains 2N possible values. So how is a
quantum computer potentially superior?

Classical bits are described by two states (0 or 1) whereas qubits are described by
positions on a Bloch sphere. The Bloch sphere has more degrees of freedom than 2 val-
ues. However, when we measure a qubit we only get two possible measurements (0 or 1).
When measuring a qubit we would get the same amount of information as we would when
measuring a classical bit.

Two classical bits do not exhibit the types of correlations that an entangled pair of
qubits would exhibit. Whereas a classical computer can be described by logical operations
along, the state of a quantum computer would be described via a unitary transformation
starting from a particular favored starting state.

Consider all unitary transformations of an N−qubit system. These form a continuous
manifold that has dimension 2N × 2N . We differentiate between unitary transformations
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of an N -qubit system and measurements which are not unitary. Computations are usually
assumed to first put qubits in a particular set of states, then carry out a unitary transfor-
mation, and then measure all the qubits. Measurement in the middle of a computation is
not necessary though some algorithms can use this capability.
Question: It is possible to implement any unitary transformation, using many simple
operators or gates that only involve 1, 2 or 3 qubits.

Answer: Yes. We will discuss what types of operations are needed below.
A minimal set of gates that achieves complete control of a quantum system is called

a universal gate set.
Question: What is meant by complete control of a quantum system?

Answer: By complete control we mean that any unitary transformation can be approx-
imated to a desired accuracy with a finite sequence of gates in a universal gate set. A
notion of distance between unitary operations is required to know exactly how many gates
are required to achieve this.
Question: Doesn’t control require accuracy?

Answer: Yes. But, it’s easier to first discuss the issue of control with the assump-
tion that there are no errors in implementing unitary operations, initializing states or
measurement. Obviously a real quantum computer has errors which limit the types of
calculations that can be carried out on them1.

4.2 Single qubit unitary transformations

To build up a universal gate set we first must be able to perform any unitary possible
transformation on a single qubit, or at least we should be able to perform a unitary trans-
formation that is sufficiently close to a desired one.

Any unitary transformation on a single qubit can be decomposed as a sequence of
three types of operations with each type depending on an angle. We use three types of
transformations:

Table 1: Unitary transformations on a single qubit
K(δ) eiδI A global phase shift by δ

R(β)

(
cosβ sinβ
− sinβ cosβ

)
A rotation by β

Rotates about y-axis
on Bloch sphere

T (α)

(
eiα 0
0 e−iα

)
A phase rotation by α

Rotates about z-axis
on Bloch sphere

1This is a pretty severe understatement.
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In terms of the Pauli matrices

R(β) = e−iβσy = cosβI− i sinβY

T (α) = eiασz = cosαI+ i sinαZ, (17)

where I have used short hand I for the identity, σy = Y and σz = Z.
Any unitary transformation Q can be decomposed into a sequence involving 4 angles

Q = K(δ)T (α)R(β)T (γ). (18)

This is known as the Z-Y decomposition as T rotates about the z-axis and R rotates about
the y axis on the Bloch sphere.

Let’s multiply this out

Q = eiδ
(

cosβ ei(α+γ) sinβ ei(α−γ)

− sinβ e−i(α−γ) cosβ e−i(α+γ)

)
. (19)

We have said that any unitary transformation can be written in this way. Consider

Q =

(
u00 u01
u10 u11

)
.

For Q to be unitary,

QQ† = I

=

(
u00 u01
u10 u11

)(
u∗00 u∗10
u∗01 u∗11

)
=

(
u00u

∗
00 + u01u

∗
01 u00u

∗
10 + u01u

∗
11

u∗00u10 + u∗01u11 u10u
∗
10 + u11u

∗
11

)
and

u00u
∗
00 + u01u

∗
01 = 1 (20)

u00u
∗
10 + u01u

∗
11 = 0 (21)

u10u
∗
10 + u11u

∗
11 = 1. (22)

We also require that QQ† = I which gives in addition

u00u
∗
01 + u10u

∗
11 = 0. (23)

Notice that these equations imply that rows are orthonormal to each other and likewise
columns are orthonormal to each other. These relations imply that

u00u
∗
00 = u11u

∗
11 (24)

u01u
∗
01 = u10u

∗
10. (25)
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Equation 24 follows from equation 21 and 23. Add equations 20 and 22 together, use
equation 24 and divide by 2 to get equation 25.

We now show that any unitary transformation of a qubit can be written in the form of
equation 19. Let’s write component u00 in terms of an amplitude and phase and similarly
for the other matrix components. Equation 20 implies that we can set the amplitudes of
u00 and u01 to depend on an angle β giving

u00 = cosβeiθ00 (26)

u01 = sinβeiθ01 , (27)

where θ00, θ01 are the phases of u00 and u01. Similarly equation 22 implies that we can
chose an angle β′

u01 = sinβ′eiθ01 (28)

u11 = cosβ′eiθ11 , (29)

where θ01, θ11 are the phases of u10 and u11. Note that in equations 26 – 29 we define 4
phases θ00, θ01, θ10, θ11.

Equation 24 implies that cos2 β = cos2 β′ and equation 25 implies that sin2 β = sin2 β′.
We can set β = −β′ and let the phases absorb the sign ambiguity. We are left with 4
phases that can be chosen and we have a remaining constraint from equation 21. We can
choose

β = acos(
√
u00u∗00).

This relation gives us one of the angles we need to write our unitary transformation in
terms of 4 rotations (as in equation 18 or 19).

The constraint from equation 21 gives

θ00 − θ10 = θ01 − θ11,

and lets us restrict the choice of possible phases to three phases, α, γ, δ by solving

δ + α+ γ = θ00

δ + α− γ = θ01

δ − α+ γ = θ10

δ − α− γ = θ11.

This gives

δ =
1

4
(θ00 + θ01 + θ10 + θ11)

α =
1

4
(θ00 + θ01 − θ10 − θ11)

δ =
1

4
(θ00 − θ01 + θ10 − θ11).
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We how have the remaining three angles we need to write our unitary transformation in
terms of 4 rotations, as in equation 18 or 19.

4.3 Controlled unitary transformations

Figure 14: A controlled unitary transformation. The Unitary transformation is applied to
the bottom bit if the top bit is 1. The unitary transformation is given by equation 30.

What do we mean by the controlled unitary transformation circuit in Figure 14. The
unitary transformation would be

Λ(c = 0, t = 1,U) = P0 ⊗ I+P1 ⊗U (30)

where P0 = |0⟩ ⟨0| and P1 = |1⟩ ⟨1| are projection operators for the first qubit. Here the
control bit is the first one with the index 0 (c=0) and the target bit is the second one with
index 1 (t=1).

We show how an arbitrary controlled unitary transformation can be constructed from
three single qubit rotations and a CNOT.

Given any unitary transformation U on a single qubit, we can find unitary transforma-
tions A,B,C on a single qubit such that

ABC = I and U = eiδAXBXC

where X is the Pauli X matrix. To show this we need to find the operators ABC. We
write U in terms of 4 angles using equation 18 and the operators in Table 1

U = K(δ)T (α)R(β)T (γ). (31)

We choose

A = T (α)R(β/2)

B = R(−β/2)T (−(γ + α)/2)

C = T ((γ − α)/2). (32)

It is convenient to know that

R(β)X = XR(−β)
T (β)X = XT (−β). (33)
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Let’s show that these relations are true! Using equation 17 for R(β)

R(β) = cosβI− i sinβY

R(β)X = cosβX− i sinβYX

= cosβX+ i sinβXY because XY = −YX

= XR(−β). (34)

Similarly

T (β) = cosβI+ i sinβZ

T (β)X = cosβX+ i sinβZX

= cosβX− i sinβXZ because XZ = −ZX

= XT (−β). (35)

We check that

ABC = T (α)R(β/2)R(−β/2)T (−(γ + α)/2)T ((γ − α)/2)

= T (α)T (−α/2)
= T (α)T (−α) = I. (36)

Now we check the second property

eiδAXBXC =eiδT (α)R(β/2)XR(−β/2)T (−(γ + α)/2)XT ((γ − α)/2)

=eiδT (α)R(β/2)R(β/2)XT (−(γ + α)/2)XT ((γ − α)/2)

=eiδT (α)R(β)XT (−(γ + α)/2)XT ((γ − α)/2)

=eiδT (α)R(β)XT (−(γ + α)/2)T ((−γ + α)/2)X

=eiδT (α)R(β)XT (−γ)X
=eiδT (α)R(β)T (γ)X2

=eiδT (α)R(β)T (γ)

=U

A circuit that applies the three operators is shown in Figure 15.
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Figure 15: Construction of a controlled unitary transformation from CNOTs and single
qubit gates. Operators A,B,C are found that satisfy U = eiδAXBXC and ABC = I.

Can we make a controlled unitary transformation where the unitary transformation is
applied if the first qubit is 0 instead of 1? Yes. To do this we apply 2 Pauli-X gates, as
shown in Figure 16. The unitary transformation is

Λ(NOT/c = 0, t = 1,U) = P0 ⊗U+P1 ⊗ I (37)

Figure 16: Construction of a controlled unitary transformation. The Unitary transforma-
tion is performed if the top qubit is 0. The circuit on the right represents the circuit on
the left. The transformation is shown in equation 37.

Can we make a unitary transformation that is controlled by more than 1 bit? Yes. Using
Toffoli gates and some extra bits we can create circuits that apply unitary transformations
that are controlled by more than one bit. An example is shown in Figure 17.

Figure 17: Construction of a unitary transformation for a single bit that is controlled by 4
bits. The unitary transformation is applied to the bottom qubit if the top 4 qubits are 1.
The circuit on the right represents that on the left.
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Figure 18: Another example of a unitary transformation for a single bit that is controlled
by 4 bits. The unitary transformation is applied to the bottom qubit if the c1,c2, and c4
qubits are 1 and the c3 qubit is 0. The circuit on the right represents that on the left.

4.4 How to approximate any unitary transformation of a single qubit
using a small set of gates

We show how the following set the Hadamard, H, Pπ
2
and Pπ

4
are enough to approximate

any unitary transformation of a single qubit.
Our first goal is to construct an irrational rotation on the Bloch sphere.
The three gates are

H =
1√
2

(
1 1
1 −1

)
S = Pπ

2
=

(
1 0
0 i

)
T = Pπ

4
=

(
1 0

0 e
iπ
4

)
.

The phase gate S = Pπ
2
involves π/2 because e

iπ
2 = i. The two phase gates can be written

in terms of the phase rotation gate (using equation 17) T (α) = diag(eiα, e−iα) = eiασz

Pπ
2
= e

iπ
4 T
(
−π
4

)
= e

iπ
4 e−iπ

4
σz (38)

Pπ
4
= e

iπ
8 T
(
−π
8

)
= e

iπ
8 e−iπ

8
σz . (39)

The phase rotation gate T (α) corresponds to a rotation of 2α on the Bloch sphere about
the z-axis.

The Hadamard transformation can be written similarly

H = e−iπ
2 e

iπ
2

(
1√
2
σx+

1√
2
σz

)

The Hadamard H rotates by π on the Bloch sphere, as H2 = I. It rotates about an
axis that is in the x, z plane on the Bloch sphere. However, in the standard basis, the
Hadamard is real so it cannot introduce any complex phases if the original wave vector has
real coefficients.
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Figure 19: We show a direction and rotations of this direction by an angle 2π/11 radians.
For any particular angle, θ∗, we can find a direction (shown by the black arrows) that is
within (or equal to) an angular distance of 2π/11 radians to θ∗. Consider rotations that
are 2π/q, with integer q. Any particular angle θ∗ is within 2π/q in angular distance to one
of the possible rotations of a horizontal vector.

Suppose we consider transformations of an angle θ on a circle. We translate the angle

f(θ) =
(
θ +

c

2π

)
mod 2π

. (40)

We start with θ0 and consider its orbit

f(θ0), f
2(θ0), f

3(θ0).....

If c is a rational number c = p/q (with p, q integers) then f q(θ0) = θ0. The orbit contains
at most q points. However if c is irrational then the orbit never repeats. Furthermore after
many iterations of f the distribution of angles in the orbit (corresponding to points on the
circle) is uniform.

Suppose we would like to get to a specific angle θ∗. For any initial θ0 and any desired
θ∗ if we do enough iterations of increasingly precise rotations we can get arbitrarily close
to θ∗. That means we can find an iteration number i that gives

|f i(θ0)− θ∗| < ϵ (41)

for any possible small positive real number ϵ. The smaller the value of ϵ, the larger the
number i of iterations is required to approach a particular angle θ∗.

We show in Figure 19 a circle with a particular direction that is rotated by 2π/11. Here
the integer 11 represents a particular q value. Since p does not divide q, iterations of the
rotation would reach a set of angles that evenly covers the unit circle with angles that are
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about a distance of 1/q apart (up to scaling via 2π). This means that we can approximate
any angle θ∗ (that would be reached by an iteration of the rotation) to an accuracy of
about 1/q.

How would we figure out how many rotational iterations is needed to approach a par-
ticular angle θ∗ with a particular accuracy using a particular map in the form of equation
40 if c is irrational? We can make a series of rational approximations to the irrational
number c. This would give a series of fractions that can be written as p/q with p not
dividing q. Since p does not divide q, a rotation with this angle would have order q and
would approximate the rotation by irrational c within an accuracy of about 1/q. Some
irrational numbers might be better than others for achieving a lower number of required
iterations.

Why is this relevant for our problem of being able to approximate any unitary transfor-
mation of a single qubit? If we can use our set of gates to construct a unitary transformation
that is not periodic and is an irrational rotation on the Bloch sphere, and our set of gates
are not restricted to give a single great circle on the Bloch sphere, then we will be able to
approximate any unitary transformation.

The transformation Pπ
4
rotates by π/2 about the z-axis on the Bloch sphere. This

follows as |0⟩ , |1⟩ are eigenvectors and (Pπ
4
)4 = I.

The transformation

A = HPπ
2
H = HSH

=
1

2

(
1 + i 1− i
1− i 1 + i

)
= eiπ/4

(
cosπ/4 −i sinπ/4

−i sinπ/4 cosπ/4

)
= eiπ/4e−iπ

4
σx

rotates by π/2 about the x-axis on the Bloch sphere. This follows as |+⟩ , |−⟩ are eigen-
vectors and A4 = H(Pπ

2
)4H = I. (Recall that H2 = I). Also we have written A in a form

that makes it clear that it is a phase times an exponential of the Pauli-x matrix.
The transformation

B = HPπ
4
H = HTH

=
1

2

(
1 + e

iπ
4 1 + e−

iπ
4

1− e
iπ
4 1− e−

iπ
4

)
= eiπ/8e−iπ

8
σx (42)

rotates by π/4 about the x-axis on the Bloch sphere. This follows as B2 = A. The
transformations H,Pπ

2
,Pπ

4
,A,B are rational as if we apply them 4 or 8 times we get the

identity.
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Consider a rotation by π/4 about the x axis followed by a rotation of π/4 about the
z-axis on the Bloch sphere. The transformation

V = Pπ
4
B = Pπ

4
HPπ

4
H

= THTH (43)

is irrational. By irrational I mean that it does a rotation with an angle θ, with θ/(2π)
irrational. The product of two rational rotations of a sphere can be a rotation with an
angle θ with θ/(2π) irrational if the two transformations rotate the sphere about different
axes.

Using equation 39 for Pπ
4
and equation 42 for B

V = Pπ
4
B

= e
iπ
4 e−iπ

8
σze−iπ

8
σx

= e
iπ
4

(
cos

π

8
I− i sin

π

8
σz

)(
cos

π

8
I− i sin

π

8
σx

)
= e

iπ
4

(
cos2

π

8
I− sin2

π

8
σy − i sin

π

8
cos

π

8
(σx + σz)

)
(44)

Any single qubit unitary transformation can be written in terms of a unit vector n̂, and
angle α;

U = eiαn̂·σ = cosα I+ i sinα n̂ · σ (45)

where σ = (σx,σy,σz). From equation 44 we see from the identity term that we can relate

cos2
π

8
= cosα

for V ’s rotation. Comparing equation 45 to equation 44 the direction of rotation for V is

n̂ =
(cos π

8 , sin
π
8 , cos

π
8 )√

cos2 π
8 + 1

.

On the Bloch sphere the transformation V rotates by angle θV = 2α.

cosα = cos(θV /2) = cos2
π

8
=

1

2

(
cos
(
2× π

8

)
+ 1
)

=
1

2
(cos

π

4
+ 1) =

1

2

(
1√
2
+ 1

)
. (46)

To prove that V is irrational, we would need to prove that the number α/π is irrational.
I think that the proof is not necessarily simple.... There is a reference on how to do it in
Nielson and Chuang’s book.
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Consider the gate set

{H,Pπ
4
} = {H,T}. (47)

Since we can construct the unitary transformation V from this gate set (via equations
43, 44) which is irrational, and H and V have different rotation axes, we can reach all
possible rotations of the Bloch sphere with a series of gates constructed from this set. With
application of enough gates from this set, we can match any desired unitary transformation
of a single qubit and to any desired level of precision.

4.5 Universal gate sets

Now that we can reach any unitary transformation for a single qubit, we explore what is
needed to reach any unitary transformation on an N-qubit system.

We chose a gate set that involves pairs or triplets of qubits and unitary transformations
on single qubits.

Why does each gate act on only a few qubits?
Physical interactions which are often local. On classical computers, complex calcula-

tions are built from simple ones and we expect that we can do the same on a quantum
computer. Realizations of quantum computers may have a limited set of possible opera-
tions. In other words, it may be easier to build a quantum computer that has a limited
number of possible operations.

What is the role of interference in quantum computing and what is the
role of entanglement? The CNOT entangles two qubits but the Hadamard gives a
superposition of states in a single qubit. If we place the wave vector in a superposition
and arrange the calculation so results constructively interfere and unwanted results cancel
themselves out, we can simultaneously calculate more than one thing. This implies that we
need superposition. If we don’t use entanglement then our quantum computer is not really
a quantum computer. We only reach the full capability of the quantum computer if we use
the full space of possible wave vectors. This implies that we also need entanglement.

4.5.1 Non-universal gate sets

We list characteristics of gate sets that are not universal.

• A bad (or non-universal) gate set has no superposition. If we only use CNOTs
(between pairs of bits) we interchange states (giving permutations of basis states)
but we can’t create a superposition. A Toffoli gate alone is not a universal gate set
as it too does not give superposition. A Hadamard gate gives superposition so we
need a gate like the Hadamard gate.

• A bad gate set has no entanglement. Without entanglement, a quantum computer
to behave like a classical computer. A CNOT gives entanglement so we need two-bit
controlled gates like the CNOT gate.
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• A bad gate set has only real gates. It would not even be able to reach all unitary
transformations on a single qubit. A phase gate S = Pπ

2
= diag(1, i) = diag(1, eiπ/2)

is complex so we need a gate that contains complex phases like the phase gate.

• A bad gate set gives a finite subgroup of U(2N ) where N is the number of qubits.
An example is the non-universal gate set

{CNOT,H,S}. (48)

Here the two qubit CNOT gate can operate on any pair of gates and the single
qubit Hadamard H and phase S = Pπ

2
gates can operate on any qubit. This gate set

generates a finite group known as the Clifford group2. In addition to these gates we
would need a gate like the T = Pπ

4
gate to have a universal gate set. Relevant is the

Gottesman-Knill theorem which states that a quantum circuit constructed using only
these gates can be simulated efficiently (in polynomial time) on a classical computer.
Despite entanglement (from the CNOT) and superposition (from the Hadamard), the
gate set of equation 48 is not universal because the generated group is finite. While
it would appear this gate set is too small to be useful, it turns out to be quite useful
for error correction (and state measurement).

4.5.2 Examples of universal gate sets

Apparently the set that generates the Clifford group, along with a single other transfor-
mation that is not in the Clifford group, gives a universal gate set. The Rπ

8
gate

Rπ
8
=

(
cos π

8 − sin π
8

sin π
8 cos π

8

)
is not in the Clifford group.

An example of a universal gate set that uses the Rπ
8
gate (which is not equal to T) is

{CNOT,H,Pπ
2
,Rπ

8
}. (49)

Another example of a universal gate set (by Yaoyun Shi) is

{Toffoli,H,S}. (50)

with S = Pπ
2
= diag(1, i).

2The Clifford group contains normalizers of the Pauli spin matrices for each qubit. The group contains
unitary operators V that satisfy V PV † = P for all P ∈ { I, σx, σy, σz}. The Hadamard and phase gate (on
a single qubit) transform an axis direction on the Bloch sphere to another axis direction so they are both
in the Clifford group. The Clifford group on a single qubit is like the symmetry group of a cube.
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Another example of a universal gate set is

{CNOT,T,H} (51)

with T = Pπ
4
= diag(1, eiπ/4). This gate set is equivalent to the previous example because

T2 = S and Figure 5 shows how to create the Toffoli from CNOTs, H, and T gates.
Note: It is not possible to create a Toffoli gate using elements from the Clifford group.

This implies that CNOTs and Pauli gates alone are not enough to achieve all permutations
of basis states.

4.6 Two level unitary operations are universal

With CNOTs involving any two qubits, Toffolis (involving 3 qubits) and X operators, it is
possible to create a unitary operation that swaps any two individual basis states in a full
n qubit Hilbert space. In other words for any two sequences of binary digits i, j (of length
n), with i ̸= j, it is possible to create a unitary swap transformation that sends

|i1i2i3....⟩ → |j1j2j3...⟩
|j1j2j3...⟩ → |i1i2i3....⟩
|k1k2k3...⟩ → |k1k2k3...⟩ for all k ̸= i and k ̸= j (52)

It swaps |i1i2i3....⟩ and |j1j2j3...⟩ and leaves all other basis states unchanged.
Any permutation of basis elements can be carried out with two-state swap operations.
Any unitary transformation in U(2n) can be written as (or decomposed into) a sequen-

tial product of single qubit unitary transformations and two state swap operations such as
shown in equation 52.

There is a construction procedure illustrated by Nielson and Chuang in their book on
how to carry out this decomposition.

For example, consider a unitary transformation Q in U(3)

Q =

a d g
b e h
c f j


If a = 0 then set U1 = I. If a ̸= 0 then set

U1 =


a∗√

aa∗+bb∗
b∗√

aa∗+bb∗
0

b√
aa∗+bb∗

−a√
aa∗+bb∗

0

0 0 1


We compute

U1Q =

a′ d′ g′

0 e′ h′

c′ f ′ j′


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If c′ = 0 then set U2 = diag(a′∗, 0, 0). If c′ ̸= 0 then set

U2 =


a′∗√

a′a′∗+c′c′∗
0 c∗√

a′a′∗+c′c′∗

0 1 0
c′√

a′a′∗+c′c′∗
0 −a′√

a′a′∗+c′c′∗


We compute

U2U1Q =

1 d′′ g′′

0 e′′ h′′

0 f ′′ j′′


Because all the transformations are unitary U2U1Q must be unitary. A unitary matrix
has rows and columns that are orthonormal which implies that d′′ = g′′ = 0. We set

U3 =

1 0 0
0 e′′∗ f ′′∗

0 h′′∗ j′′∗


We compute

U3U2U1Q = I. (53)

This implies that

Q = U†
1U

†
2U

†
3. (54)

As U3,U2,U1 are each two-level unitary transformations, we have shown that any unitary
transformation in U(3) can be written as a product of 3 two-level unitary transformations.

This procedure can be extended for any unitary transformation in U(d) where d is the
dimension of the vector space. First create a sequence of d−1 two-level unitary transforma-
tions U1,U2, ...Ud−1 that when multiplied on Q gives a 1 in the top left corner and zeros
elsewhere in the top and left rows. Then create a sequence of d − 2 transformations that
diagonalizes the submatrix that is in U(d− 1). Repeat the procedure until the submatrix
is 2 × 2. In total the number N2level of two level unitary transformations is equal to the
number of off-diagonal terms in the matrix that are on the lower left side. The total of
terms in the matrix is d2 subtract the diagonal (d terms) and divide by two (for the lower
left side) giving

N2level =
d(d− 1)

2
∼ O(d2) (55)

is required to write any unitary transformation in U(d) as a sequence of two-level unitary
transformations. Note that N2level can also be written as O(d2) meaning to the order of
d2 (approximately a constant of order unity times d2).

Another approach toward constructing a sequence of 2 state operators to approximate
a unitary matrix is to take the log of U to find a Hermitian matrix and decompose this
Hermitian in terms of 2 state Pauli matrices.
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4.7 Distance between operators and approximating an operator

How do we define a notion of distance between two unitary transformations?

4.7.1 The Frobenius norm

One choice is to use a Frobenius norm which is also called the Hilbert-Schmidt norm:

∥A∥F =
√

tr(AA†). (56)

Another choice for a norm is to sum all the entries in a matrix

∥A∥ =

√∑
ij

AijA∗
ij (57)

These two norms are equivalent.

(AA†)ij =
∑
j

AijA
†
jk

tr
(
AA†

)
=
∑
ij

AijA
†
ji

=
∑
ij

AijA
∗
ij .

The norm is well behaved in the sense that it is positive, only gives 0 if the operator
A is zero (full of zeros).

Written in the form of equation 56 with a trace, it is clearer that the computed value
for the operator norm is independent of the basis for our vectors.

Using this norm we can discuss the notion of distance between two operators with

d(A,B) = ∥A−B∥F = tr
√
(A−B)(A† −B†) (58)

This distance satisfies the triangle inequality; ∥A+B∥ ≤ ∥A∥+ ∥B∥. From equation 57,
we can see that an orthonormal basis, with respect to this norm, can be constructed from
the N2 matrices that contain a single element that is 1 with all remaining elements equal
to zero; |j⟩ ⟨k| for j, k ∈ {0, ..., N − 1}. Each of these has trace equal to 1 and they are all
orthogonal to each other.

We can also use the Frobenius norm to construct construct orthonormal bases to de-
scribe all degrees of freedom for operators instead of vectors. Quantum channels operating
on a density operator are linear transformations that take a density operator and return
a density operator. Sometimes it is useful to describe quantum channels as operators that
operate on 2d matrices and in that setting we can use a basis for the 2d matrices to describe
the quantum channel.
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Suppose our operator A is Hermitian so that it can diagonalized and has a set of real
eigenvalues λj . The operator A = UΛU † where U is unitary and Λ is a diagonal matrix
containing the eigenvalues. The trace operator is independent of basis so tr

(
AA†) =∑

j λ
2
j . The Frobenius norm ∥A∥ =

√∑
j λ

2
j . If the operator is not Hermitian but can be

diagonalized then ∥A∥ =
√∑

j λjλ
∗
j .

4.7.2 Another notion of distance between operators

Another form of distance might be the maximum size of a state after it is operated on by
an operator A. In other words if we consider all possible normalized states; ⟨ψ|ψ⟩ = 1,
what is the maximum possible value of

√
⟨Aψ|Aψ⟩? This gives a matrix norm that is

associated with a vector norm.

∥A∥V = sup

{√
⟨Aψ|Aψ⟩ : for normalized |ψ⟩

}
. (59)

If A is Hermitian then the maximum possible value would be the absolute value of the max-
imum eigenvalue; ∥A∥V = |λmax| where λmax is the maximum eigenvalue. Consequently
this norm is sometimes called the spectral norm.

4.7.3 Distances between operators

If we approximate an observable A with B, what is the maximum error we would make if
we used B to make the measurement instead of A? This error is described with ∥A−B∥V .
We can create an error function

E(A,B) = ∥A−B∥V (60)

= sup

{√
⟨(A−B)ψ|(A−B)ψ⟩ : for normalized |ψ⟩

}
.

These two notions of distance can be used to quantitatively measure the quality of an
approximation of one operator by another operator.

4.8 The Solovay-Kitaev Theorem

The theorem states that if a set of single-qubit quantum gates generates a dense subset of
SU(2) then any desired gate can be approximated by a fairly short sequence of gates from
the generating set.

A dense set A in X satisfies the following condition. Every point x ∈ X either belongs
to A or is arbitrarily “close” to a member of A. That means for any small ϵ, we can find
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an element a ∈ A that that gives |a− x| < ϵ. Here I am using a distance to define what is
mean by close.

More specifically, we start with a small set of single qubit gates that includes inverses of
each gate. We assume that the group generated by this set is dense in SU(2). That means
any unitary transformation (with det 1) is near a member of the dense subset. Nearness is
quantitatively measured with operator or trace norm, discussed in the last section. Then
for any U ∈ SU(2) there is a constant c such that there is a sequence of Nc gates from the
gate set Nc = O(logc(1/ϵ)) giving transformation S such that ∥S − U∥ < ϵ. The log is
taken to the power of c.

The constant c is of order unity (1.4 or so typically).
For a concise proof of the Solovay-Kitaev theorem see https://www.cs.umd.edu/

~amchilds/qa/.
Are there efficient ways to compute an approximate unitary operator for a qubit? The

answer is yes3.
We can extend the estimate for a single qubit, to a multiple qubit system. The Solovay-

Kitaev theorem implies that any single qubit unitary transformation takes O(logc 1/ϵ) gates
from the gate set to implement.

Suppose the multiple qubit system has n qubits, giving N = 2n states. How many two
level unitary transformations are needed to generate a unitary transformation in U(N)?
As we found in the previous section (equation 55)

N2level = O(N2) = O(22n) = O(4n).

Suppose our gate set only applies two level unitary transformations to two specific
states. Each of the two-level unitary transformations can be performed via doing a per-
mutation of basis states, the two-level unitary transformation on those specific states and
then reversing the permutation.

How many CNOT and CCNOT (Toffoli) gates are needed to perform any permutation
of basis states?

To carry out a two level unitary transformation that involves 2 states in an N qubit
system, you would need to carry out O(n2) operations to perform the swap of states prior
to apply a single qubit transformation. This can be done with n gates that consistent of
O(n) CNOT gates that have n control bits or O(n2) gates that are either Toffoli or two bit
CNOTs.

• O(logc 1/ϵ) gates to carry out unitary operation on a single qubit (in U(2)).

3See Vadym Kliuchnikov, Dmitri Maslov, and Michele Mosca, Fast and efficient exact synthesis of single
qubit unitaries generated by Clifford and T gates, Quantum Information and Computation 13 (2013),
no. 7-8, 607-630, https://arxiv.org/abs/1206.5236, and Brett Giles and Peter Selinger, Remarks on
Matsumoto and Amano’s normal form for single-qubit Clifford+T operators, https://arxiv.org/abs/

1312.6584
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• O(4n) operations in U(2) on pairs of states to implement an operation in U(n).

The total number of gates needed is then

O(4n logc(1/ϵ)). (61)

If you can only perform an arbitrary U(2) operation on a specific qubit, then you would
also need O(n2) two or three bit gates to permute states so that the U(2) operations can
be done on a specific pair of basis states. This additional number would be needed for each
of the operations in U(2) (and so would multiply not add to the above expression).

The O(4n) implies that an exponentially large number of gates can be required. There
are unitary operations that require an exponential number of gates to implement from a
simple gate set. However, not all algorithms would require an exponential number of gates.

Exponentially is not all that fast. A different approach than convergence and a univer-
sality construction is needed to find fast quantum algorithms (such as those that use the
quantum Fourier transform).

5 Circuits that reclaim unused qubits

In Figure 20 we show a circuit that computes using 3 Toffoli gates the AND of four input
bits |n0⟩ , |n1⟩ , |n2⟩ and |n3⟩. The result is in the first or bottom bit. There are two
additional bits that were initially set to zero but now contain information that we no
longer need. We would like to be able to reuse these bits.

Figure 20: The quantum circuit for a 4 bit conjunction. The output bit is the lowest one
and returns n0∧n1∧n2∧n3 or the product base 2 of the four input bits |n0⟩ , |n1⟩ , |n2⟩ , |n3⟩.
Three Toffoli gates are used.

If we reset the two bits that were initially |0⟩ back to their original state, we would
ensure that they are not entangled with other qubits in our calculation. Once they are no
longer entangled, they can be used again in another calculation.
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Figure 21: The quantum circuit for a 4 bit conjunction that reclaims temporary bits. Much
of the computation is reversed.

Figure 21 shows how most of the circuit is reversed allowing the temporary bits to be
reclaimed. The cost is approximately doubling the number of steps.

Why do we need to reclaim lost bits? Consider the circuit diagram shown in
Figure 22 for the Deutsch black box algorithm. A measurement is done on the upper bit
but the unitary transformation inside the black box, Uf , which is a controlled gate, is only
applied on the bottom bit. The circuit looks like the upper bit will not be affected by
the unitary transformation Uf , however because of the combined actions of the Hadamard
transformations, introducing superposition, and the controlled gate, the upper bit is af-
fected by transformations that affect the bottom bit. To reuse bits we need to ensure that
they are unentangled from all other bits in the system. Reversing parts of the computation
to reclaim bits is a way to ensure that bits can be reused without affecting other parts of
the quantum calculation.

The unitary transformation Uf does this

Uf |xy⟩ → |x, y + f(x)⟩ .

The operation of the circuit shown in Figure 22

|ψ1⟩ = H ⊗H |01⟩

=
1

2
(|00⟩+ |10⟩ − |01⟩ − |11⟩)

|ψ2⟩ = Uf |ψ⟩1

=
1

2

(
|0, f(0)⟩+

∣∣∣1, f(0)〉− |0, f(1)⟩ −
∣∣∣1, f(1)〉) . (62)
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Figure 22: The Deutsch algorithm is the illustrated quantum circuit applied to an initial
state of |01⟩. The Uf transformation is |xy⟩ → |x, y + f(x)⟩ where x, y ∈ {0, 1} and the
+ is mod 2. Here f() is a Boolean function (returning 0 or 1). The goal is to determine
if f(x) is constant (with f(0) = f(1)) or balanced (with f(0) = NOT f(1)) with a single
application (or query call) of the operator Uf .

Prior to measurement the state is

|ψ⟩3 =
1

2
3
2

(
|0⟩ ⊗ (|f(0)⟩ −

∣∣∣f(0)〉+ |f(1)⟩ −
∣∣∣f(1)〉)

+ |1⟩ ⊗ (|f(0)⟩ −
∣∣∣f(0)〉− |f(1)⟩+

∣∣∣f(1)〉)). (63)

If f is constant then f(0) = f(1) and f(0) = f(1). This means that the second line in
equation 63 must cancel to zero. The first line in equation 63 consists of two pieces which
are the same and can be added.

If f is balanced then f(0) ̸= f(1) so that f(0) = f(1) and f(1) = f(0). This means
that the first line in equation 63 must vanish.

In the case that f is constant, |0⟩ is measured in the first bit and the state can be

written as |0⟩ ⊗ 1√
2
(|f(0)⟩ −

∣∣∣f(0)〉).
In the case that f is balanced |1⟩ is measured in the first bit and the state can be

written as |1⟩ ⊗ 1√
2
(
∣∣∣f(1)〉− |f(1)⟩).

Question: How do we design a circuit that reclaims the lower bit in the Deutsch circuit
shown in Figure 22?

To reset the bottom qubit we will follow the modified circuit that is shown in Figure
23. We apply U−1

f = Uf . If f is constant

|ψ⟩B = Uf |0⟩ ⊗
1√
2
(|f(0)⟩ −

∣∣∣f(0)〉) constant
=

1√
2
|0⟩ ⊗ (|f(0) + f(0)⟩ −

∣∣∣f(0) + f(0)
〉
)

=
1√
2
|0⟩ ⊗ (|0⟩ − |1⟩) = |0−⟩ . (64)
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Figure 23: Restoring the last bit for the Deutsch black box algorithm, without destroying or
affecting the value of the measurement. Ordinarily the measurement can be done of |ψ⟩A,
however the measurement could be delayed until after the last two operations without
affecting the value measured. This is an example of how to reclaim (unentangle and reset)
a qubit by partially reversing a computation.

If f is balanced

|ψ⟩B = Uf |1⟩ ⊗
1√
2
(|f(1)⟩ −

∣∣∣f(1)〉) balanced
=

1√
2
|1⟩ ⊗ (|f(1) + f(0)⟩ −

∣∣∣f(1) + f(1)
〉
)

=
1√
2
|1⟩ ⊗ (|1⟩ − |0⟩) = − |1−⟩ . (65)

Lastly we apply the Hadamard to the bottom qubit. If f is constant

|ψ⟩C = (I ⊗H) |ψ⟩B constant

= (I ⊗H) |0−⟩ = |01⟩ . (66)

If f is balanced

|ψ⟩C = (I ⊗H) |ψ⟩B balanced

= (I ⊗H)(−1) |1−⟩ = − |11⟩ . (67)

The result of the modified circuit is shown in the table below.

Restoring an entangled bit in the Deutsch algorithm

function f prior to measurement |ψ⟩A Uf |ψ⟩A = |ψ⟩B I⊗H |ψ⟩B
constant |0⟩ ⊗ 1√

2
(|f(0)⟩ −

∣∣∣f(0)〉) 1√
2
(|00⟩ − |01⟩) = |0−⟩ |01⟩

balanced |1⟩ ⊗ 1√
2
(
∣∣∣f(1)〉− |f(1)⟩) 1√

2
(|11⟩ − |10⟩) = − |1−⟩ -|11⟩

We have reset the second qubit back to its original state and not affected the first qubit
which still records whether the oracle function is constant or balanced. If we wanted to,
we could delay the measurement until after the second qubit is reset.
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6 Computational complexity implications of the Gottesman-
Knill Theorem

6.1 The Generalized Pauli Group

Definition 6.1. Consider an n qubit system. The Generalized Pauli group Pn is the
group of unitaries generated by tensor products of Pauli matrices applied to single qubits,
together with the multiplicative factors ±1 and ±i in a system of n qubits. An element of
the Generalized Pauli group can be written as a product of Pauli operators. We use short
hand Î = σ0 the identity operator, and the Pauli operators on a signle qubit, X̂ = σ1, and
Ŷ = σ2, Ẑ = σ3. The generalized Pauli group is the set of elements;

Pn ={µσj0 ⊗ σj1 ⊗ . . .⊗ σjn−1 |
µ ∈ {1,−1, i,−i}, for jk ∈ {0, 1, 2, 3}, for k ∈ {0, 1, . . . , n− 1}. (68)

Often when discussing elements in the generalized Pauli group a global phase is ne-
glected. Formally we could call elements described this way as Pn/U(1) where U(1) con-
tains all possible global phases.

• Any element chosen from the generalized Pauli group has order 1, 2, or 4. This
follows as the Pauli operators when squared give the identity (they are order 2) and
i4 = 1.

• Any two elements chosen from the generalized Pauli group either commute or anti-
commute. This follows from the fact that two non-identical Pauli operators operating
on a single qubit anti-commute.

• Elements of the generalized Pauli group have eigenvalues that are in the set {1,−1, i,−i}.
Pauli operators have eigenvalues ±1. But iI has an eigenvalue i.

Since there are non-commuting elements, the generalized Pauli group is not abelian.

6.2 Stablizer groups

Definition 6.2. A stabilizer group is an abelian subgroup of the generalized Pauli group
Pn that does not contain −I.

By abelian we mean that all elements commute with each other. It cannot contain −I
(otherwise it cannot stabilize a state).

The elements of the stabilizer group S consist of tensor products of the Pauli operators
I,X, Y, Z operating on each qubit and omitting global phases. For example XXZI =
X1X2Z3 would be a possible element in a stabilizer on a 4 qubit system.

Eigenvalues of elements in a stabilizer group are in the set {1,−1}.
Why is a stabilizer group called a stabilizer group? This is because a stabilizer

group stabilizes a specific set of quantum states.
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Definition 6.3. A stabilizer state is a quantum state that has eigenvalue +1 for all
elements in a stabilizer group. The quantum state |ψ⟩ is a stabilizer state of stabilizer
group S if

s |ψ⟩ = |ψ⟩ ∀s ∈ S. (69)

A stabilizer state is stabilized by its associated stabilizer group.

We explain why a stabilizer group (which can stabilize a state) cannot contain −I
(minus the identity). If −I is in the stabilizer group then and |ψ⟩ is a stabilizer state then
−I |ψ⟩ = |ψ⟩. However −I |ψ⟩ = − |ψ⟩ for any state |ψ⟩. It is not possible for |ψ⟩ = − |ψ⟩,
giving a contradiction. Consequently a stabilizer group should not contain −I.

We explain why a stabilizer group must be abelian. We take S to be a subgroup group
of the generalized Pauli group. Suppose a, b ∈ S and ab ̸= ab. Because all elements in the
generalized Pauli group either commute or anti-commute this means that ab = −ba. If we
have a stabilizer state |ψ⟩ then

a |ψ⟩ = |ψ⟩
b |ψ⟩ = |ψ⟩ . (70)

We compute

ab |ψ⟩ = |ψ⟩
ba |ψ⟩ = |ψ⟩ . (71)

However

ab |ψ⟩ = −ba |ψ⟩ = − |ψ⟩ (72)

This would imply that |ψ⟩ = − |ψ⟩ giving a contradiction. Consequently all pairs of
elements in a stabilizer group should commute.

An abelian group can be described with a set of generators which do not include
the identity. An abelian group G is generated by generators < g1, g2, . . . , gk > if every
element of the group can be written as a product of its generators to various powers. If
< g1, g2, . . . , gk > generates G then any element g ∈ G can be written as

g = gj11 g
j2
2 . . . gjkk

for particular non-negative integers j1, j2, . . . jk. The element can be uniquely written in
terms of its generators with each index jm ∈ {0, 1, . . . |gm|}, where |gm| is the order of the
associated generator gm.

A stabilizer group S is abelian so it can be described in terms of a set of generators.
In terms of generators < g1, g2, . . . , gk > of a stabilizer group S every element of S can be
written as

g = gj11 g
j2
2 . . . gjkk j1, j2, . . . jk ∈ {0, 1}
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as every generator must have order 2. The total number of elements in a stabilizer group
is |S| = 2k where k is the number of its generators.

Here we consider stabilizers S that contain 2n elements; |S| = 2n which is the same as
the number of states on an n-qubit system. A stabilizer group that contains 2n elements
can be generated by a much smaller number of elements than 2n. The fact that S is abelian,
is composed of elements that have order 2, and has 2n elements means it can is generated
by n generators. Any element in S can be written as a product g1g2g3 . . . gn where each
of the gi elements (called generators) has order 2. The generalized Pauli group is much
larger than a stabilizer group containing 2n elements as the generalized Pauli group has
24n elements (up to phase) (and it’s not abelian).

Given a stabilizer group S with |S| = 2n, the stabilizer state associated with this
stabilizer group is unique (up to global phase) and can be computed with

|ϕ⟩ ∝
∑
s∈S

s
∣∣0⊗n

〉
. (73)

The state needs to be normalized as the normalization factor depends upon the perpen-
dicularity of the states in the sum.

Because a stabilizer group is abelian we can use its generators to show that |ϕ⟩ con-
structed by equation 73 is stabilized by all elements of S. We take generators of S to be
{g1, g2, . . . gn}. We expand |ϕ⟩ in terms of the generators of S

|ϕ⟩ = a
∑
s∈S

s
∣∣0⊗n

〉
=

1∑
j1,j2,...jn=0

gj11 g
j2
2 . . . gjnn

∣∣0⊗n
〉

(74)

where a is a constant of normalization. We multiply by another element of S which we can
write as product of the generators s = ga11 g

a2
2 . . . gann with binary digits a1, . . . an ∈ {0, 1}⊗n

giving

s |ϕ⟩ = a

1∑
j1,j2,...jn=0

gj1+a1
1 gj2+a2

2 . . . gjn+an
n

∣∣0⊗n
〉

(75)

with addition mod 2 in the exponents as all generators must be order 2. We rearrange the
indices. If a1 = 0 then we don’t need to touch j1. If a1 = 1 then we can incorporate a1
into the definition of j1 without changing the sum. Hence s |ϕ⟩ = |ϕ⟩ for any s ∈ S.

It is more challenging to show that |ϕ⟩ is unique. Note that the stabilizer state is unique
only if the stabilizer group contains 2n elements (and has n generators). The uniqueness
of the state is related to the different unique and disjoint subspaces associated with the
eigenvalues of the generators of S.

6.3 The Clifford group

The Clifford group is relevant in quantum error correction and characterizing errors through
a procedure known as random benchmarking.
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Definition 6.4. The Clifford group is the group of unitaries that normalize the Pauli
group:

Cn = {V such that ∀x̂ ∈ Pn, V x̂V
† ∈ Pn}. (76)

The Clifford group includes the Hadamard gate and the phase gate on each qubits.

H =
1√
2

(
1 1
1 −1

)
S =

(
1 0
0 i

)
. (77)

The Clifford group also includes CNOT operations on 2 qubits. The total number of gates
in the Clifford group is usually counted after discarding a global phase (with the quotient
of U(1) so that any two elements are considered the same if they only differ by a global
phase).

The Clifford group is generated by three gates, the Hadamard H, phase gate S, and
CNOT gates. Here each of the single qubit gates H,S can be applied to any qubit, and
the CNOT can be applied to any pair of qubits. What do we mean by generated? Any
element in the Clifford group can be written as a product of H,S and CNOT gates. We
can generate the Pauli gates with H and S. Firstly S2 = Z and HZH = X. Now that
we have X,Z we can generate Y with their product. With sufficient CNOTs we can do
permutations of different qubits. Consequently we can generate the entire generalized Pauli
group with the Clifford generators.

All Pauli matrices can be constructed from products of the phase and Hadamard gates,
so each single qubit Pauli gate is also an element of the Clifford group. The generalized
Pauli group is a subgroup of the Clifford group Pn ⊂ Cn. The Clifford group (ignoring
global phases) is a discrete subgroup of U(2n). By discrete we mean it has a finite number
of elements that depends upon n, the number of qubits.

The Clifford gates do not form a universal gate set of quantum gates as there are unitary
gates outside the Clifford group that cannot be arbitrarily approximated with a finite set
of operations of operators only in the Clifford gate set. An example is the phase shift or T
gate

T =

(
1 0

0 eπi/4

)
=

√
S. (78)

(also called the π/8 gate). The T gate along with the Clifford gates form a universal gate
set. That means that any element in U(2n) can be approximated via a product of a series
of gates drawn from the set of Clifford gates and including the T gate.

An arbitrary Clifford group element can be generated as a circuit with no more than
O(n2 log(n)) gates in the generator set consisting of S,H and CNOTs. This is related to
the Gottesman-Knill theorem.
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6.4 The Gottesman-Knill Theorem

The Gottesman-Knill theorem states that a particular type of quantum circuit, stabilizer
circuits, can be simulated efficiently on a classical computer.

Definition 6.5. Stabilizer circuits include the following

• Preparation of qubits states in the standard computational basis states (for example
|0⊗n⟩).

• Application of a series of m Clifford gates (gates drawn from the Clifford group Cn).

• Measurements in the computational basis (via 1 qubit Pauli operators).

The Gottesman-Knill theorem4 shows that the action of this type of circuit can be
efficiently (in polynomial time) simulated on a classical computer.

A CNOT and a Hadamard, both in the Clifford group, can together create Bell states.
Consequently a consequence of this theorem is that some (but not all) highly entangled
states can be simulated efficiently.

By identifying the types of circuits that can be efficiently simulated classically, this the-
orem helps find the types of circuits or calculations that can provide a quantum advantage
(be faster on a quantum computer). Calculations that provide quantum advantage are not
stabilizer circuits.

Another way to state the Gottesman-Knill theorem is “Any quantum computer per-
forming only: a) Clifford group gates, b) measurements of Pauli group operators, and c)
Clifford group operations conditioned on classical bits, which may be the results of earlier
measurements, can be perfectly simulated in polynomial time on a probabilistic classical
computer.” This is quoted verbatim from the paper by Gottesman (https://arxiv.org/
abs/quant-ph/9807006) where the theorem is attributed to Knill.

A formal statement of the theorem is that any stabilizer circuit on n qubits of m gates
can be simulated on a classical computer with complexity O(n2m) (which is polynomial
time).

6.5 Conjugation operations of stabilizer generators

Conjugation of operator A by operator B is the following operation

A→ BAB†. (79)

The result is another operator. If A,B are both unitary then the result after conjugation
is also unitary.

4https://arxiv.org/abs/quant-ph/0406196, https://arxiv.org/abs/quant-ph/9807006

43



For one qubit operations,

conjugation by H : HXH† = Z, HZH† = X, HY H† = −Y (80)

congugation by S : SXS† = Y, SZS† = Z, SY S† = −X. (81)

We show the first of these using the relation

H =
1√
2

(
1 1
1 −1

)
=

1√
2
(X + Z). (82)

HXH† =
1

2
(X + Z)X(X + Z) =

1

2
(X2 + ZX)(X + Z)

=
1

2
(I + ZX)(X + Z) =

1

2
(X + Z + ZX2 + ZXZ)

=
1

2
(X + Z + Z − Z2X) = Z. (83)

We show one of the S conjugations using the relation

S =

(
1 0
0 i

)
=

1 + i

2
Î +

1− i

2
Ẑ. (84)

SXS† =
1

4
((1 + i)I + (1− i)Z)X((1− i)I + (1 + i)Z)

=
1

4

(
(1 + i)(1− i)X + (1 + i)2XZ + (1− i)2ZX + (1− i)(1 + i)ZXZ

)
=

1

4

(
(1− i2)X + (1− i2)(−X) + (1 + i)2(XZ)− (1− i)2XZ

)
=

1

4
((1 + 2i− 1)(−iY )− (1− 2i− 1)(−iY ))

=
1

4
(2Y + 2Y ) = Y. (85)

With CNOT the controlled NOT with first bit the control,

CNOT(X ⊗ I)CNOT = X ⊗X

CNOT(I ⊗X)CNOT = I ⊗X

CNOT(X ⊗X)CNOT = X ⊗ I

CNOT(I ⊗ Z)CNOT = Z ⊗ Z

CNOT(Z ⊗ I)CNOT = Z ⊗ I

CNOT(Z ⊗ Z)CNOT = I ⊗ Z. (86)
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We show one of the CNOT conjugations using projection operators P0 = |0⟩ ⟨0| and
P1 = |1⟩ ⟨1|,

CNOT(X ⊗ I)CNOT = (P0 ⊗ I + P1 ⊗X)(X ⊗ I)(P0 ⊗ I + P1 ⊗X)

= P0XP0 ⊗ I + P1XP1 ⊗X2 + (P0XP1 + P1XP0)⊗X

= (P0XP1 + P1XP0)⊗X

= (|0⟩ ⟨1|+ |1⟩ ⟨0|)⊗X

= X ⊗X. (87)

Figure 24: An illustration of operations from the Gottesman-Knill theorem. The operation
of an element from the Clifford group on a state is computed by determining how the
generators of its stabilizer group are affected via conjugation by that same element of the
Clifford group.

Definition 6.6. A quantum circuit consisting only of a series of CNOT, H,S, and 1-qubit
measurement Pauli gates is called a stabilizer circuit.
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Elements in the Clifford group (generated by CNOT, H, and S gates) map a stabilizer
group to another stabilizer group via conjugation.

Recall that (see equation 76) the Clifford group Cn contains all elements c that satisfy
cgc† = g′ for g, g′ ∈ Gn the generalized Pauli group.

We show that a stabilizer circuit maps one stabilizer group to another stabilizer group
via conjugation. Suppose c ∈ Cn is in the Clifford group. Recall that members of the
Clifford group are unitary so cc† = I. We consider the set S′ of elements {csc† ∀s ∈ S}
where S is a stabilizer group. Because all members of S must commute, the elements of
S′ all commute;

csc† cs′c† = css′c† = cs′sc† = cs′c† csc†. (88)

The elements of S′ are all in the generalized Pauli group Pn because c is in the Clifford
group (by definition of the Clifford group) and S is a stabilizer group so contains elements
in the generalized Pauli group.

Because S contains an identity so does S′.
An element in S′ has an inverse in S′ because each of the elements of S must have an

inverse.

csc† cs−1c† = css−1c† = I. (89)

If there are 2n elements in S, then there must be 2n elements in S′. From any element
in S we can generate an element of S′. We take two elements in S′ which we write as csc†

and cs′c†. We assume that s ̸= s′. Suppose they are equal, csc† = cs′c†. We multiply
the left side by c† and the right side by c to find that s = s′, contradicting our original
assumption. Consequently every element of S generates a unique element in S′. That
implies that |S| = |S′|.

Putting these properties together, we find that S′ is also a stabilizer group and it must
have the same number of elements as S.

Since a stabilizer circuit is made up of a product elements in the Clifford group we
can consecutively conjugate with each element and at each step we derive a new stabilizer
group.

Why is a stabilizer circuit called a stabilizer circuit? A stabilizer circuit maps
one stabilizer group to another stabilizer group. As a consequence, a stabilizer circuit maps
one stabilizer state to another stabilizer state.

A stabilizer circuit maps stabilizer states to other stabilizer states using conjugation by
operators in the Clifford group. This follows as S′ = cSc† is another stabilizer group for
c ∈ Cn, and a new stabilizer state can be constructed from the new stabilizer group S′.

The Gottesman-Knill theorem involves using operation of conjugation on elements of
the generalized Pauli group by elements of the Clifford group.

The n generators of a stabilizer group describes the associated stabilizer state. And
there are only n of them. A transformation by any element of the Clifford or Pauli group can
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be efficiently simulated by figuring out what happens to each of the n stabilizer generators.
Then after the transformation you get a new stabilizer group and a new stabilizer state.

If you are willing only to simulate transformations between stabilizer states or stabilizer
groups, then the conjugation operators let you transform the stabilizer generators and this
lets you efficiently determine the transformations.

6.6 An example of a stabilizer state and stabilizer group

As an example, we take 4 qubits. The state

|0000⟩ (90)

is a stabilizer state that is stabilized by the stabilizer group generated by the operators (in
the generalized Pauli group)

⟨Z1, Z2, Z3, Z4⟩ (91)

where the subscript refers to which qubit the Pauli Z operates on. We use the notation ⟨⟩
to show that the entire group is generated by these elements. All of these elements send
|0000⟩ to itself.

6.7 An example of transforming a stabilizer group and stabilizer state
by a stabilizer circuit

We look at the element H1 in the Clifford group, the Hadamard operating on the first
qubit. We can think of H1 as a stabilizer circuit.

We compute H1Z1H1 = X1. The Hadamard on the first qubit commutes with the
other stabilizers generators. After conjugation by H1, the stabilizer generators (equation
91) become

⟨Z1, Z2, Z3, Z4⟩ → ⟨X1, Z2, Z3, Z4⟩. (92)

The new stabilizer state can be constructed from the sum over all elements in the new
stabilizer group generated by this new set of generators ⟨X1, Z2, Z3, Z4⟩. We calculate the
new stabilizer state using equation 73 operating on the stabilizer state of equation 90

|ψ⟩new ∝
1∑

j1,j2,j3,j4=0

Xj1
1 Z

j2
2 Z

j3
3 Z

j4
4 |0000⟩

∝
1∑

j1=0

Xj1
1 |0000⟩ ∝ (X1 + I) |0000⟩

=
1√
2
(|0⟩+ |1⟩)⊗ |000⟩ . (93)
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Stabilizer circuit H1

Old New

Stabilizer state |0000⟩ 1√
2
(|0⟩+ |1⟩)⊗ |000⟩

Stabilizer generators ⟨Z1, Z2, Z3, Z4⟩ ⟨X1, Z2, Z3, Z4⟩

We have found how the member of the Clifford group H1 sends a stabilizer state to a
new stabilizer state.

It is not a coincidence that the operation of the Clifford element on the old stabilizer
state H1 |0000⟩ is equal to the new stabilizer state. This is discussed in section 6.9 below.

We did this calculation by evaluating conjugations and then operating on a state. This
calculation was efficient and can be done classically!

6.8 Numbers of operations required

We consider a stabilizer circuit with m gates and on a system with n qubits. We are given
a stabilizer group with n generators and its associated stabilizer state.

How many classical computations do we need to do to compute the resulting stabilizer
state that would be equal to the operation of the stabilizer circuit on the stabilizer state?

For a single element in the Clifford group it would take n computations to compute
how it affects a single element in the stabilizer generating set via conjugation. This is one
conjugation computation for each qubit as an element in the stabilizer group is described
by a product of n Pauli operators.

There are n generators. This gives a total O(n2) operations to create the transformed
stabilizer group.

It takes O(n2) operators to compute the new stabilizer state by summing over all the
elements in the resulting new stabilizer group. The sum of these two procedures would be
O(n2).

If there are m operators in the stabilizer circuit then the calculation would require
O(n2m) classical operations.

6.9 Finding any particular state generated by operators in the Clifford
group from an initialized state

Suppose we would like to compute the state

|ϕ⟩ = h
∣∣0⊗n

〉
(94)

for some operator h ∈ Cn in the Clifford group. The set of these possible states is also
called the stabilizer set.
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Let S be the stabilizer group for the state |0⊗n⟩.

h
∣∣0⊗n

〉
∝ h

∑
g∈S

g
∣∣0⊗n

〉
because

∣∣0⊗n
〉
is stablized by S

= h
∑
g∈S

gh†h
∣∣0⊗n

〉
because h is unitary

=
∑
g∈S

hgh† h
∣∣0⊗n

〉
h
∣∣0⊗n

〉
∝
∑
g′∈S′

g′ h
∣∣0⊗n

〉
constructing a new stabilizer group S′. (95)

This last line implies that the desired state |ϕ⟩ = h |0⊗n⟩ is stabilized by the new stabilizer
group S′. So if we calculate the stabilizer state of S′ (which is unique), then we have
calculated |ϕ⟩.

6.10 Magic

A consequence of the Gottesman-Knill theorem is that a useful quantum computer must
be able to perform operations outside the set of Clifford gates.

Magic is a property that describes the computational resources needed to describe
quantum states beyond stabilizer states. Magic, also called non-stabilizerness, is a quantity
that describes how far a quantum state departs from the set of stabilizer states. Magic
is commonly measured using a quantity known as the stabilizer Rényi entropy (SRE).
This entropy depends on the quantity

m =
∑

a∈Z⊗n
4

| ⟨ψ|σa |ψ⟩ |4 (96)

where the sum is over length n strings a where each bit is in {0, 1, 2, 3} and σ0 = I, σ1 =
X,σ2 = Y, σ3 = Z and σa represents a tensor product of Pauli operators. The quantity M
is the sum of all possibly measurement probabilities for Pauli gates.

The SRE is

M = log2
m

2n
(97)

See https://arxiv.org/pdf/2601.07824 Computing quantum magic of state vectors,
for more information.
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