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1 The Density operator

The density operator encapsulates all that can be learned about a system through mea-
surement.

1.1 Density operator for a pure state

The density operator for a pure state ∣ψ⟩ = ∑i ci ∣i⟩ in basis {∣i⟩} is a matrix (or operator)

ρ = ∣ψ⟩ ⟨ψ∣ = (∑
i

ci ∣i⟩)(∑
j

c∗j ⟨j∣)

= ∑
ij

cic
∗
j ∣i⟩ ⟨j∣ .
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The trace of a matrix is the sum of the elements on the diagonal. Since ∣ψ⟩ = ∑i ci ∣i⟩
is normalized, (it has length 1; ⟨ψ∣ψ⟩ = ∑i cic

∗
i = 1), the trace

tr(ρ) = ∑
i

cic
∗
i = 1.

The density operator is Hermitian. Its indices are c∗i cj and if we take the complex
conjugate we get c∗j ci which is the transpose of c∗i cj . Since the density operator is Hermitian,
it has real eigenvalues.

Consider ∣ψ′⟩ = eiα ∣ψ⟩, with real number α. The density matrix ∣ψ′⟩ ⟨ψ′∣ = ∣ψ⟩ ⟨ψ∣.
While there is a complex phase ambiguity in a quantum state vector, there is none in the
density matrix.

1.2 Traces

The trace of a matrix is the sum of the elements on the diagonal.
It is useful to know that the trace of a product does not depend on the order of the

matrices in the product
tr(AB) = tr(BA).

We show that this is true

C =AB

Cij = ∑
k

AikBkj

tr C = ∑
i

Cii = ∑
ik

AikBki

= ∑
ki

BkiAik

= tr(BA).

The trace of a matrix is independent of basis. A unitary transformation transforms
from one orthonormal basis to another. In other words tr(UAU †) = tr(A), where U is a
unitary matrix that allows you to change basis from one orthonormal basis to another.
This follows because we can change the order tr(UAU †) = tr(AU †U) = trA.

Eigenvalues are independent of basis and this means that

tr(ρ) = ∑
i

λi = 1

for a density matrix ρ, where λi are its eigenvalues.
We can always find an orthonormal basis that has our state vector as a basis vector.

In this basis ∣ψ⟩ = ∣0⟩ where ∣0⟩ is that basis vector. In this basis the density matrix for a
pure state has a single 1 on its diagonal and the rest of the matrix contains zeros. That
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means that tr(ρ2) = 1 and the density matrix has a single non-zero eigenvalue that is 1.
This is only true for density matrices that are derived from a single pure state.

For any two vectors ∣v⟩ , ∣w⟩ and operator A it is useful to know that

⟨v∣A ∣w⟩ = tr(∣w⟩ ⟨v∣A). (1)

We show that this is true. In a basis {∣i⟩}

∣w⟩ = ∑
i

wi ∣i⟩

⟨v∣ = ∑
j

v∗j ⟨j∣

∣w⟩ ⟨v∣ = ∑
ij

wiv
∗
j ∣i⟩ ⟨j∣

A = ∑
jk

Ajk ∣j⟩ ⟨k∣

⟨v∣A ∣w⟩ = ∑
ij

v∗i Aijwj .

We multiply the matrices together

∣w⟩ ⟨v∣A = ∑
ijk

wiv
∗
jAjk ∣i⟩ ⟨k∣ .

The trace of this

tr(∣w⟩ ⟨v∣A) = ∑
ij

wiv
∗
jAji

= ∑
ij

v∗i Aijwj

= ⟨v∣A ∣w⟩

where I reverse the order of the indices in the second row.
For a pure state ∣ψ⟩, we can write the expectation value of an observable as

⟨A⟩ = ⟨ψ∣A ∣ψ⟩ .

Since observables are real, A should be Hermitian. We write our state vector in a basis
with

∣ψ⟩ = ∑
i

ci ∣i⟩ .

The density matrix
ρ = ∑

ij

c∗i cj ∣i⟩ ⟨j∣ .
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The expectation value
⟨A⟩ = ⟨ψ∣A ∣ψ⟩ = ∑

ij

c∗iAijcj .

Using equation 1 we can write the expectation value using a trace and the density matrix

⟨A⟩ = tr(ρA).

1.3 The density operator for mixtures

We can consider a system which has probability of being in various pure states. Let pi be
the probabilities with ∑pi = 1 and the pure states are ∣ψi⟩. The pure states need not be
orthogonal. Call ρi the density matrix for each pure state. We define the density matrix
of the mixture as

ρ = ∑
i

piρi. (2)

A situation where we might be interested in the mixture described by equation 2 is
when a quantum system is in contact with another system that is in thermal equilibrium.
In this setting the probabilities pi could be a function of temperature.

Because the probabilities sum to 1, ∑i pi = 1, and because the traces trρi = 1, the trace
tr(ρ) = ∑i pi = 1, as before for a pure state. Using the Schwartz inequality (on the matrix
norm) one can show that tr(ρ2) ≤ 1. If tr(ρ2) = 1 then the system is in a pure state.

The expectation value for a measurement, taking into account the probability of being
in the various states,

⟨A⟩ = ∑
i

pi tr(ρiA) = ∑
i

tr(piρiA) = tr(ρA)

For a non-pure state, the off-diagonal elements are called coherences. Because ρ is
Hermitian one can always find a basis that makes it diagonal. Eigenvalues are real and
positive (or zero). If the system is a pure state, then in that basis, the density matrix has
a single 1 on the diagonal.

• Classical states. An object is either in one or not. We can make a list of all the
possible states {ai}.

• Pure quantum states. These are complex superpositions of classical states; ∣ψ⟩ =

∑ ci ∣ai⟩. The probability pi that an object is in a state ∣ai⟩ depends on the amplitude;
pi = cic

∗
i . The density operator ρ = ∣ψ⟩ ⟨ψ∣. It is Hermitian, has trace 1 and is positive

semi-definite. All its eigenvalues are zero except one of them which is equal to 1.

• Mixed states. Classical probability distribution over pure quantum states. The
density operator is

ρ = ∑pj ∣ψj⟩ ⟨ψj ∣

6



where ∣ψi⟩ are pure quantum states. The density operator is Hermitian, has trace 1
and is positive semi-definite. Its eigenvalues sum to 1 but they can have any value in
the unit interval [0,1].

1.3.1 Examples of density matrices for pure states and mixtures

Let’s compute the density matrix of a pure state with ∣ψ⟩0 = ∣0⟩. The density matrix is
ρ0 = ∣0⟩ ⟨0∣. If the system is a two state system, in matrix form

ρ0 = (
1 0
0 0
) .

Now consider a composite or superposition state

∣ψ⟩+ =
1
√
2
(∣0⟩ + ∣1⟩).

This is still a pure state as it is equal to ∣+⟩. The density matrix is

ρ+ =
1
√
2
(∣0⟩ + ∣1⟩)

1
√
2
(⟨0∣ + ⟨1∣)

=
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨0∣ + ∣0⟩ ⟨1∣ + ∣1⟩ ⟨0∣).

In matrix form

ρ+ = (
1
2

1
2

1
2

1
2

) . (3)

Now consider a mixture where the probability is 1/2 that the state is in ∣0⟩ and 1/2
that the state is in ∣1⟩. The density matrix is

ρ2 =
1

2
∣0⟩ ⟨0∣ +

1

2
∣1⟩ ⟨1∣ .

In matrix form

ρ2 = (
1
2 0

0 1
2

) . (4)

Now we consider a mixture where the probability is 1/2 that the state is in ∣+⟩ and is
1/2 that the state is in ∣−⟩. The density matrix is

ρpm =
1

2
∣+⟩ ⟨+∣ +

1

2
∣−⟩ ⟨−∣

=
1

4
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣ + ∣1⟩ ⟨0∣ + ∣0⟩ ⟨1∣) +

1

4
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣ − ∣1⟩ ⟨0∣ − ∣0⟩ ⟨1∣)

=
1

2
∣0⟩ ⟨0∣ +

1

2
∣1⟩ ⟨1∣ = (

1
2 0

0 1
2

) . (5)

Notice that this is the same as in equation 4!
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1.3.2 Uniqueness of decomposition into pure states

Suppose we have a density matrix ρ that describes a mixture

ρ = ∑
i

piρi,

where each of the terms in the sum ρi is a pure state.
Is this decomposition unique? The answer is no.
Suppose we specify that ρi ≠ ρj for pairs of terms in the sum? The decomposition is

still not unique. For an example, look at the previous two examples in equation 4, 5.

1.4 Positivity of the density matrix

Definition: A density operator ρ

• is Hermitian (ρ† = ρ).

• has trace 1 (trρ = 1).

• is positive semi-definite.

The density matrix has to be Hermitian as we could construct hypothetical measurements
using projection operators in any orthonormal basis and these should give real values. The
operator has to have trace 1 because it is comprised of a weighted sum of density matrices
formed from pure states and these have trace 1.

Positivity: What does it mean for an operator or matrix to be positive semi-definite?
If ρ is positive, then for any non-zero vector ∣v⟩, the expectation

⟨v∣ρ ∣v⟩ ≥ 0.

Positivity also implies that means the eigenvalues of ρ must be real and non-negative.
Sometimes people define definite in terms of any state vector (normalized) instead of any
vector (which can be zero). A state vector cannot be zero as it is normalized to 1.

Why should the density matrix be positive semi-definite? For a pure state, we can
find a basis that gives a diagonal density matrix that has a single 1 on the diagonal. This
matrix is positive. A weighted sum of positive matrices where all the weights are positive
should also be positive. So density matrices that are derived from mixtures should also be
positive.

Positivity here also means positive semi-definite. It’s only semi-definite because the
expectation ⟨v∣ρ ∣v⟩ from some vector ∣v⟩ could be 0. If the product is always greater than
zero the matrix would be called positive definite instead of positive semi-definite.

If ρ is derived from a pure state then ρ2 = ρ. This follows because there must be a
unitary transformation U giving ρ =U diag(1,0, ....)U†;

ρ2
=U diag(1,0, ....)U†U diag(1,0, ....)U†

= ρ.

The density operator is only a projection operator if it is derived from a pure state.
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1.5 Quantum state tomography

Suppose we have a density matrix ρ describing a mixture of a quantum system. Instead
of making a single measurement, assume that we can make many measurements of the
system described by the density operator ρ. There is no single quantum measurement
which can distinguish non-orthogonal quantum states ∣0⟩ from 1√

2
(∣0⟩ + ∣1⟩). However a

series of measurement can tell the difference of these two if we can make the measurement
on many identical copies of the state vector.

For example let’s consider a single qubit that is described by a density matrix

ρ =
1

2
(I + p ⋅σ)

with polarization p and σ = (σx,σy,σz). Any density matrix in a 2 state system can be
written in this form. Recall that the expectation value of operator A is

⟨A⟩ = tr(ρA).

We consider the expectation value of the Pauli spin matrices which all have zero trace,

⟨σx⟩ = tr(ρσx)

=
1

2
tr(Iσx + pxσxσx + pyσyσx + pzσzσx)

=
1

2
tr(0 + pxI − pyiσz + pziσy)

=
1

2
px tr(I)

= px.

Likewise ⟨σy⟩ = py and ⟨σz⟩ = pz. By making many measurements with the Pauli spin
matrices as measurement operators we can determine the polarization and this specifies all
degrees of freedom in the density matrix.

In a higher dimensional Hilbert space it is likely possible to completely determine all
degrees of freedom in the density matrix. We can construct measurement operators for
index pairs with j ≠ k. We need three sets of operators:

∣j⟩ ⟨j∣ − ∣k⟩ ⟨k∣ like σz
∣j⟩ ⟨k∣ + ∣k⟩ ⟨j∣ like σx
i(∣j⟩ ⟨k∣ − ∣k⟩ ⟨j∣) like σy.

These operators are Hermitian and traceless and any density matrix can be written in terms
of a linear sum that includes them and the identity matrix. By doing many measurements
of these operators we can completely determine a density matrix. This procedure of using
many measurements to determine a mixture, is known as quantum state tomography.
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1.6 The density matrix for a product space

Suppose we have a two component system with quantum state in a product of two Hilbert
spaces, HAB =HA ⊗HB. An example is two qubits.

We can consider a partial measurement. For example, a measurement single of a single
qubit when there are two.

For example, if we have a pure state

∣ψ⟩AB = a ∣00⟩ + b ∣01⟩ + c ∣10⟩ + d ∣11⟩ (6)

the probability that the first qubit has spin up would be aa∗ + bb∗. If spin up is measured
in the first qubit, the full state becomes

∣ψ⟩′AB =
a

√
aa∗ + bb∗

∣00⟩ +
b

√
aa∗ + bb∗

∣01⟩ .

We derive similar expressions which are summarized in Table 1.

Table 1: Measurement of ∣ψAB⟩ = a ∣00⟩ + b ∣01⟩ + c ∣10⟩ + d ∣11⟩
Measurement in first qubit Probability State after measurement

Spin up aa∗ + bb∗ a√
aa∗+bb∗

∣00⟩ + b√
aa∗+bb∗

∣01⟩

Spin down cc∗ + dd∗ c√
cc∗+dd∗

∣10⟩ + d√
cc∗+dd∗

∣11⟩

Another way to describe probabilities for measurement is to use the density matrix.
For a pure state ∣ψ⟩

ρAB = ∣ψ⟩AB ⟨ψ∣AB

where AB means we are taking the full system using both qubits. If the state is that of
equation 6, the complex conjugate or bra state vector

⟨ψ∣AB = ⟨00∣a
∗
+ ⟨01∣ b∗ + ⟨10∣ c∗ + ⟨11∣d∗.

The density matrix

ρAB =

⎛
⎜
⎜
⎜
⎝

aa∗ ba∗ ca∗ da∗

ab∗ bb∗ cb∗ db∗

ac∗ bc∗ cc∗ dc∗

ad∗ bd∗ cd∗ dd∗

⎞
⎟
⎟
⎟
⎠

(7)

More generally if pure state

∣ψ⟩AB = ∑
ij

aij ∣i⟩A ∣j⟩B = ∑
ij

aij ∣ij⟩

⟨ψ∣AB = ∑
kl

⟨k∣A ⟨l∣B a
∗
kl = ∑

kl

⟨kl∣a∗kl

ρAB = ∑
ijkl

aija
∗
kl ∣i⟩A ∣j⟩B ⟨k∣A ⟨l∣B = ∑

ijkl

aija
∗
kl ∣ij⟩ ⟨kl∣ .
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We can also consider mixtures, giving density matrices in the HAB product space. For
a mixture

ρAB = ∑
ijkl

ρijkl ∣ij⟩ ⟨kl∣ (8)

where ρAB is Hermitian, positive definite and has trace 1. The condition that the trace is
1 is

tr(ρAB) = ∑
ij

ρijij = 1

where we need to sum over both indices.

1.7 The partial traces – tracing out one part of a product space

The density matrix should let us find out about all possible measurements of a system. If
we have a product space of two subsystems, an experimenter may have access to just one
subsystem. How can we describe the density matrix for that subsystem alone?

ρAB ρB

ρA

trB

trA

Consider a density matrix for a product space of two qubits

ρAB = ∑
ijkl

ρijkl ∣ij⟩ ⟨kl∣ = ∑
ijkl

ρijkl ∣i⟩A ∣j⟩B ⟨k∣A ⟨l∣B . (9)

We can define a density matrix for the first qubit ρA with

ρA = trB(ρAB)

= ∑
ik

cik ∣i⟩A ⟨k∣A = ∑
ik

⎛

⎝
∑
j

ρijkj
⎞

⎠
∣i⟩A ⟨k∣A

cik = ∑
j

ρijkj .

Here trB means that we are taking the trace of values in the second Hilbert space and ∣i⟩
and ⟨k∣ are states in the first quantum system. Likewise we can take the trace over values
in the first system giving

ρB = trA(ρAB)

= ∑
jl

c′jl ∣j⟩B ⟨l∣B = ∑
jl

(∑
i

ρijil) ∣j⟩B ⟨l∣B

c′jl = ∑
i

ρijil.
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The matrices ρA,ρB are positive definite, Hermitian and have trace 1. They are density
matrices or operators for the A,B sub-systems, respectively.

With a two qubit system the density matrices ρA,ρB are 2×2 and square matrices.
Let’s compute the partial trace for a measurement on the first qubit for the density

matrix derived from the pure state from equation 6 which I repeat here;

∣ψAB⟩ = a ∣00⟩ + b ∣01⟩ + c ∣10⟩ + d ∣11⟩ .

The full density matrix derived from this pure state is

ρAB = (a ∣00⟩ + b ∣01⟩ + c ∣10⟩ + d ∣11⟩)(a
∗
⟨00∣ + b∗ ⟨01∣ + c∗ ⟨10∣ + d∗ ⟨11∣)

= aa∗ ∣00⟩ ⟨00∣ + ab∗ ∣00⟩ ⟨01∣ + ac∗ ∣00⟩ ⟨10∣ + ad∗ ∣00⟩ ⟨11∣

+ ba∗ ∣01⟩ ⟨00∣ + bb∗ ∣01⟩ ⟨01∣ + bc∗ ∣01⟩ ⟨10∣ + bd∗ ∣01⟩ ⟨11∣

+ ca∗ ∣10⟩ ⟨00∣ + cb∗ ∣10⟩ ⟨01∣ + cc∗ ∣10⟩ ⟨10∣ + cd∗ ∣10⟩ ⟨11∣

+ da∗ ∣11⟩ ⟨00∣ + db∗ ∣11⟩ ⟨01∣ + dc∗ ∣11⟩ ⟨10∣ + dd∗ ∣11⟩ ⟨11∣ .

Suppose we can only measure the first qubit. We sum over degrees of freedom in the
second qubit to compute ρA. This means we sum over values with the same two indices in
the second qubit.

ρA = trB ρAB

= (aa∗ + b∗b) ∣0⟩ ⟨0∣ + (ac∗ + bd∗) ∣0⟩ ⟨1∣ + (ca∗ + db∗) ∣1⟩ ⟨0∣ + (cc∗ + dd∗) ∣1⟩ ⟨1∣ (10)

What is the probability of measuring ∣0⟩ in the first qubit? Our measurement operator
would be ∣0⟩ ⟨0∣. What is the product ∣0⟩ ⟨0∣ ⊗ ρA?

∣0⟩ ⟨0∣ρA = ∣0⟩ ⟨0∣ ((aa
∗
+ b∗b) ∣0⟩ ⟨0∣ + (ac∗ + bd∗) ∣0⟩ ⟨1∣ + (ca∗ + db∗) ∣1⟩ ⟨0∣ + (cc∗ + dd∗) ∣1⟩ ⟨1∣ )

= (aa∗ + b∗b) ∣0⟩ ⟨0∣ + (ac∗ + bd∗) ∣0⟩ ⟨1∣

We compute the trace

tr(∣0⟩ ⟨0∣ρA) = ⟨0∣ρA ∣0⟩ = (aa
∗
+ b∗b). (11)

We similarly compute the trace

tr(∣1⟩ ⟨1∣ρA) = ⟨1∣ρA ∣1⟩ = (cc
∗
+ d∗d). (12)

We recognize these as the probabilities of measuring ∣0⟩ or ∣1⟩ respectively, in each
subspace, and that are listed in Table 1 and that we computed conventionally.

Consider ρAB, the density matrix of a pure state, with tr(ρ2
AB) = 1 and eigenvalues

1,0. The partially traced (or reduced) density matrices ρA = trB ρAB and ρB = trA ρAB

need not satisfy these relations. In other words tr(ρ2
A) may not be 1, and tr(ρ2

B) may not
be 1. Their eigenvalues need not be 1 or 0.

For a pure state, all information is accessible in the full density matrix by measurement.
However not all information may be available about the pure state if one can only measure
quantities in one of the subsystems.

12



1.8 Examples of density matrices for bipartite qubit systems

Consider a pure state
∣ψ⟩AB = ∣0⟩A ⊗ ∣0⟩B = ∣00⟩ .

The density matrices are

ρAB = ∣00⟩ ⟨00∣

ρA = ∣0⟩A ⟨0∣A = (
1 0
0 0
)

ρB = ∣0⟩B ⟨0∣B = (
1 0
0 0
) .

The eigenvalues of all three density matrices are 1,0.
Let’s consider again a pure state that is a product state

∣ψ⟩AB =
1
√
2
(∣0⟩A + ∣1⟩A) ⊗ ∣0⟩B =

1
√
2
(∣00⟩ + ∣10⟩).

The density matrices are

ρAB =
1

2
(∣00⟩ + ∣10⟩)(⟨00∣ + ⟨10∣)

=
1

2
(∣00⟩ ⟨00∣ + ∣10⟩ ⟨00∣ + ∣00⟩ ⟨10∣ + ∣10⟩ ⟨10∣)

ρA =
1

2
(∣0⟩A ⟨0∣A + ∣0⟩A ⟨1∣A + ∣1⟩A ⟨0∣A + ∣1⟩A ⟨1∣A) = (

1
2

1
2

1
2

1
2

)

ρB = ∣0⟩B ⟨0∣B = (
1 0
0 0
) .

These are consistent with density matrices formed from 1√
2
(∣0⟩A + ∣1⟩A) and ∣0⟩B alone,

which is expected since the state vector was a product state! The eigenvalues of all three
density matrices are again 1,0.

Now let’s consider a pure but entangled state, the Bell pair,

∣ψ⟩Bell =
1
√
2
(∣00⟩ + ∣11⟩).

The density matrices are

ρAB =
1

2
(∣00⟩ ⟨00∣ + ∣00⟩ ⟨11∣ + ∣11⟩ ⟨00∣ + ∣11⟩ ⟨11∣)

ρA =
1

2
(∣0⟩A ⟨0∣A + ∣1⟩A ⟨1∣A) = (

1
2 0

0 1
2

)

ρB =
1

2
(∣0⟩B ⟨0∣B + ∣1⟩B ⟨1∣B) = (

1
2 0

0 1
2

) . (13)
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The eigenvalues of ρAB are 1,0 because it is derived from a pure state. The eigenvalues of
ρA, ρB are 1/2,1/2. Notice that ρA,ρB resemble a density matrix of a mixture for a single
qubit (equation 4) even though ∣ψ⟩Bell is a pure state!

If Alice is separate from Bob then she would measure ∣0⟩ half the time and ∣1⟩ half the
time. However, Alice and Bob have strongly correlated measurements.

Notice that ρA is not the same as that for ρ+ = (
1
2

1
2

1
2

1
2

) (see equation 3) which comes

from a superposition state ∣+⟩ = 1√
2
(∣0⟩ + ∣1⟩).

1.9 Purifications

We consider a density operator ρA in an N dimensional Hilbert space, HA that might not
that of a pure state. Is it possible to find an imaginary larger system in a larger Hilbert
space HAB such that ρAB = ∣ψ⟩AB ⟨ψ∣AB is that of a pure state and trB(ρAB) = ρA?

ρAB ρAB

ρA ρA

trB purification

The answer is yes. We find a basis for HA in which

ρA = ∑
i

pi ∣ai⟩A ⟨ai∣A .

In this basis the density matrix ρA is diagonal. We then take HAB to have dimension 2N
and construct a pure state in it

∣ψ⟩AB = ∑
i

√
pi ∣ai⟩A ⊗ ∣ai⟩B . (14)

This gives
ρAB = ∑

i
∑
j

√
pipj ∣ai⟩A ∣ai⟩B ⟨aj ∣A ⟨aj ∣B

Taking the trace over the B part, only terms that have i = j will contribute giving

ρA = trB(ρAB) = pi ∣ai⟩A ⟨ai∣A .

This construction is known as a purification. A purification of a density matrix ρA is a
pure state ∣ψ⟩AB in the tensor product Hilbert spaceHA⊗HB such that trB(∣ψ⟩AB ⟨ψ∣AB) =

ρA. Here HA sets the dimension of ρA.

14



Purifications are not unique because any orthonormal basis could be used for the extra
degrees of freedom. We could use

∣ψ⟩′AB = ∑
i

√
pi ∣ai⟩A ⊗ ∣ãi⟩B

where ∣ãi⟩B are a different set of basis vectors than ∣ai⟩B but they can still be used to
construct a purification (like that in in equation 14).

1.10 An example of a purification

Suppose HA is a two state system and we find a basis ∣0⟩A , ∣1⟩A that diagonalizes ρA

ρA = (
α 0
0 (1 − α)

)

= α ∣0⟩A ⟨0∣A + (1 − α) ∣1⟩A ⟨1∣A (15)

for 0 < α < 1. ForHB we take a three state system with basis ∣0⟩B , ∣1⟩B , ∣2⟩B. A purification
of ρA would be

∣ψ⟩AB =
√
α ∣0⟩A ⊗ ∣0⟩B +

√
1 − α ∣1⟩A ⊗ ∣1⟩B . (16)

Another example of a purification would be

∣ψ⟩AB =
√
α ∣0⟩A ⊗ ∣0⟩B +

√
1 − α ∣1⟩A ⊗ ∣2⟩B . (17)

1.11 Conventional measurements using a density operator

We first review the conventional definition of quantum measurement which involved pro-
jective measurements. Previously we discussed measurement as derived from an ob-
servable A which is a Hermitian operator. We used the eigenvectors of the observable
to form an orthonormal basis which spans the Hilbert space. We constructed a complete
set of Hermitian orthogonal projection operators from this orthonormal basis. For each
normalized basis vector ∣ia⟩ in the orthonormal basis we constructed a projection operator

Pa = ∣ia⟩ ⟨ia∣ .

These are projection operators because P2
a = Pa (for different indices a). The projection

operators are Hermitian

Pa = P
†
a (18)

and they are orthogonal

PaPb = δabPa. (19)
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Because the eigenvectors of a Hermitian operator span the Hilbert space, the set of pro-
jection operators is complete

∑
a

Pa = I (20)

where I is the identity matrix. If λa is the is eigenvalue associated with ∣ia⟩ then the
measurement operator or observable

A = ∑
a

λaPa. (21)

This is the spectral decomposition of A. The probability that a measurement of state
vector ∣ψ⟩ gives value λa is

pa = ⟨ψ∣Pa ∣ψ⟩ = tr(ρPa), (22)

and the normalized post measurement state is

∣ψ′a⟩ =
Pa ∣ψ⟩

√
⟨ψ∣Pa ∣ψ⟩

=
Pa ∣ψ⟩
√
tr(ρPa)

. (23)

From these post measurement states we can make new (post measurement) density matrices
(normalized so that their trace is 1).

ρa = ∣ψ
′
a⟩ ⟨ψ

′
a∣

=
Pa ∣ψ⟩ ⟨ψ∣Pa

tr(ρPa)

=
PaρPa

tr(ρPa)
. (24)

Suppose we perform a measurement with operator A on a system in pure state ∣ψ⟩
but the outcome of the measurement is not recorded. This means that ∣ψ⟩ → ∣ψ′a⟩ with
probability pa = ⟨ψ∣Pa ∣ψ⟩. The new state is not a pure state but is a mixed state!

We construct the density matrix after measurement using equations 22 and 23

ρ′ = ∑
a

paρa

= ∑
a

⟨ψ∣Pa ∣ψ⟩
Pa ∣ψ⟩

√
⟨ψ∣Pa ∣ψ⟩

⟨ψ∣Pa
√
⟨ψ∣Pa ∣ψ⟩

= ∑
a

PaρPa. (25)

Here ρ′ also describes what happens to the system if an ensemble of measurements were
done.
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If the original density matrix is ρ, then the post measurement density matrix (if we
don’t record measurement results or we run the measurement many times)

ρ→∑
a

PaρPa (26)

which is equivalent to expressing ρ as a sum of probabilities of pure states. Since the
projection operators Pa are Hermitian this can also be written

ρ→∑
a

PaρP
†
a (27)

If we start in a mixed state and apply the measurement associated withA what happens
to the density matrix?

Let the initial mixture be described with probabilities pi and states ∣ψi⟩. From each
pure state we can define ρi = ∣ψi⟩ ⟨ψi∣. The initial density matrix for our mixture is

ρ = ∑
i

pi ∣ψi⟩ ⟨ψi∣ = ∑
i

piρi.

The probability that λa is measured by measurement A is in the mixed state is

qa = ∑
i

pi ⟨ψi∣Pa ∣ψi⟩ = ∑
i

pi tr(ρiPa)

= ∑
i

tr(piρiPa)

= tr(ρPa). (28)

(I am using qa as notation for probability for measurement associated with Pa which is not
the same as probability pi to be in a state with density matrix ρi).

The final state after measurement (for a mixed state and if λa is measured) is

ρ′ =∑
i

PaρiPa

tr(ρiPa)
× tr(ρiPa) × pi × normalization factor

=
⎛
⎜
⎝

state
after

measurement

⎞
⎟
⎠
×
⎛
⎜
⎝

probability
of measuring
i − th state

⎞
⎟
⎠
×
⎛
⎜
⎝

probability
in i − th
state

⎞
⎟
⎠

= ∑
i

PapiρiPa × normalization factor

= PaρPa × normalization factor

=
PaρPa

tr(ρPa)
. (29)

The factor in the denominator ensures that the trace remains 1.
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In summary, whether or not a density matrix ρ is derived from a pure state or a mixture,
when a measurement associated with operator A with orthogonal projection operators Pa

is performed, the probability of measuring the system to be in a state associated with Pa

is

pa = tr(ρPa). (30)

Afterwards the measurement new density matrix is

ρ′ =
PaρPa

tr(ρPa)
. (31)

If we don’t record the result of the measurement then the state vectors are not collapsed
and we sum over all the probabilities for each possible measurement and

ρ′ = ∑
a

PaρPa. (32)

1.12 Conventional measurements in a subsystem

With a tensor product space HA ⊗ HB, in section 1.7 we defined density matrices ρA =

trB ρAB and ρB = trA ρAB.
Suppose we can only make measurements in subsystem HA. We have a set of projection

operators Pa for this subsystem. In the full space these would be the set

Pa ⊗ IB

where IB = ∑q ∣q⟩B ⟨q∣B is the identity element in HB. We expand this operator in terms
of a basis for HA ⊗HB

Pa ⊗ IB = ∑
mnq

Pa,mn ∣m⟩A ⟨n∣A ⊗ ∣q⟩B ⟨q∣B . (33)

We write the full density operator as ρAB = ∑ijkl ρijkl ∣i⟩A ∣j⟩B ⟨k∣A ⟨l∣B .
The probability of getting a measurement associated with Pa is

pa = trAB(ρABPa ⊗ IB)

= trAB ∑
ijkl

ρijkl ∣i⟩A ∣j⟩B ⟨k∣A ⟨l∣B ∑
mnq

Pa,mn ∣m⟩A ⟨n∣A ⊗ ∣q⟩B ⟨q∣B k =m, l = q

= trAB ∑
ijkl,n

ρijklPa,kn ∣i⟩A ∣j⟩B ⟨n∣A ⟨l∣B for trace i = n, j = l

= ∑
ijk

ρijkjPa,ki

= ∑
ik

(∑
j

ρijkj)Pa,ki

= ∑
ij

ρA,ikPa,ki

= tr(ρAPa).
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This illustrates why tracing out a subsystem gives a density operator that can be used to
describe measurements in that subsystem.

2 Generalized measurements

2.1 Generalized Measurements: A positive operator value measure (POVM)

What if we are only doing measurements only in a subspace? For example in one part
of a bipartite system that is described with a tensor product? What if unitary evolution
takes place in the full system and we would like to know how the density matrix evolves
in a subsystem? We can make a generalization of our measurements by relaxing the
orthogonality and projection requirements for the projection operators.

Definition: A positive operator value measure (POVM) is a complete collec-
tion of positive and Hermitian operators Em. The summation property

∑
m

Em = I

where I is the identity is known as completeness. Positivity means that ⟨ψ∣Em ∣ψ⟩ ≥ 0
for all possible state vectors ∣ψ⟩. Here by Em ≥ 0 we mean that the operator Em is positive
semi-definite. The operators do not necessarily need to be orthogonal. Nor do they need
to be projection operators. The total number of them does not have to be equal to the
dimension of the Hilbert space. The Em can be considered elements associated with partial
measurements and they can determine probabilities of measurement outcomes.

We can specify the density matrix after partial measurements or after unitary evolution.
If we are tracking a subspace, then it is usually not possible to know the full state vector.
However we should be able to track the density matrix of a subsystem and we can describe
evolution of the subsystem density matrix in terms of transformations of a density matrix
that can be written in terms of a set of operators {Em}.

We use the fact that the Em operators are positive and Hermitian to construct operators
(Mm) that look and act somewhat like projection operators.

Any non negative (positive semidefinite) Hermitian operator has a non-negative square
root. This follows because using the spectral decomposition theorem we can write any
Hermitian operator E as

E =UΛU†

where Λ is diagonal and U is unitary. If E is positive semidefinite then the diagonal matrix
Λ only contains non-negative real numbers and its square root consists of non-negative real
numbers.

We construct the operator

B =U
√
ΛU†. (34)
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We can take the square root because Λ only has non-negative values. The operator B2 = E
so B =

√
E. The operator B is Hermitian as

B†
= (U

√
ΛU†
)
†

= (U†
)
†
√
Λ

†
U†

=U
√
ΛU†

= B.

For any unitary matrix V, the operator

M =VB (35)

satisfies

M†M = B†V†VB

= B†B = B2
= E. (36)

As any non negative Hermitian operator has a non-negative square root, from our
complete set of operators Em we can create a set of operators Mm such that

M†
mMm = Em. (37)

The operator M†
mMm is always automatically Hermitian. Notice that the operators Mm

need not be Hermitian, nor are they unique, as any unitary operator V can be chosen in
equation 35 once the square root of one of the operators Em is computed.

2.1.1 POVM definition

More generally, a POVM

• A set of operators {Mm} .

• Each M†
mMm is positive semidefinite.

• The set is complete; ∑mM†
mMm = I.

The operators {Mm} are sometimes called Kraus operators.
With this POVM definition a measurement of m has a probability

pm = tr(MmρM†
m). (38)
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The sum of these probabilities is

∑
m

pm = ∑
m

tr(MmρM†
m)

= ∑
m

tr(M†
mMmρ) rearrange trace

= tr((∑
m

M†
mMm)ρ)

= tr(Iρ) required via completeness

= 1.

This illustrates why completeness is required.
Note: It is possible to have a set of Kraus operators where ∑mM†

mMm = I but

∑mMmM†
m ≠ I.

An example is the amplitude damping channel (see equations 51), with

M0 = (
1 0
0
√
1 − γ

) M1 = (
0
√
γ

0 0
)

M †
0M0 =M0M

†
0 = (

1 0
0 1 − γ

)

M †
1M1 = (

0 0
0 γ
) ≠ M1M

†
1 = (

γ 0
0 0
)

M †
0M0 +M

†
1M1 = I ≠ M0M

†
0 +M1M

†
1 .

2.2 Transformations of the density matrix

2.2.1 Transformation via POVM

Using the set of Kraus operators {Mm} associated with a generalized or POVM measure-
ment, we show how the density matrix transforms during measurement. The new density
matrix after measurement without recording any information or by considering
the results of many measurements is

ρ′ = ∑
m

MmρM†
m. (39)

The positivity and completeness of Em = M†
mMm ensures that the trace of the density

matrix and its positivity are preserved by the transformation.
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Each operator Mm gives the probability of a single measurement;

pm = tr(M
†
mMmρ) = tr(MmρM†

m). (40)

The density matrix after this particular measurement becomes

ρ′m =
MmρM†

m

tr(M†
mMmρ)

. (41)

2.2.2 Transformation via Unitary evolution

If a pure state ∣ψ′⟩ =U ∣ψ⟩ where U is a unitary operator, and ∣ψ⟩ is a pure state then the
density matrix ρ = ∣ψ⟩ ⟨ψ∣ transforms as

ρ′ = ∣ψ′⟩ ⟨ψ′∣ = ∣Uψ⟩ ⟨Uψ∣

=U ∣ψ⟩ ⟨ψ∣U†

=UρU†. (42)

If we have a density matrix that is a mixture then ρ = ∑i pi ∣ψi⟩ ⟨ψi∣. After unitary
evolution ∣ψ′i⟩ =U ∣ψi⟩. The density matrix becomes

ρ′ = ∑
i

pi ∣Uψi⟩ ⟨Uψi∣ = ∑
i

piU ∣ψi⟩ ⟨ψi∣U
†

=U(∑
i

pi ∣ψi⟩ ⟨ψi∣)U
†

=UρU†.

Thus equation 42 is also true for mixed states.
A unitary transformationU gives a POVMmeasurement. The set {U}, only containing

the unitary operator, is a perfectly good set of Kraus operators because the product UU† =

I is positive definite and UU† = I so the set is complete.
If unitary evolution is due to a Hamiltonian H, then as a function of time U(t) = e−iHt

(setting h̵ = 1). The evolution of the density matrix gives

ρ(t) = e−iHtρ(0)eiHt. (43)

We can differentiate this with respect to time

ρ̇ = −iHe−iHtρ(0)eiHt
+ e−iHtρ(0)eiHtiH

= −iHρ + ρiH

= −i[Hρ − ρH]

= −i[H,ρ]. (44)
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In the last step we wrote the time derivative of the density operator in terms of a commu-
tator. This equation is called the von Neumann equation.

Suppose the quantum system lives in an n dimensional Hilbert space. We can think of
ρ as a vector and H as a vector in the n2 dimensional space of square matrices. Equation
44 gives a linear transformation for ρ. We can write

ρ̇ = Lρ (45)

where L is a linear operator that is called the Liouvillian operator.
The type of transformation associated with a set of measurements (equation 39) is

usually not unitary. However it is deterministic as measurement values are not actually
chosen with a probability.

This gives two types of types of quantum simulations involving a series of measurements.

• We can start with a density matrix and transform it via each measurement, conserving
probability as we go and using equation 39 each time a measurement is done and
taking into account all possible measurements. This method is deterministic.

• Or we can start with a state vector or a density matrix, and simulate the mea-
surements by randomly choosing measured values consistent with the probability of
measurement (e.g., using equation 40). After each measurement the state vector
is collapsed or the density matrix is transformed (e.g., using equation 41). Each
measurement requires a monte-Carlo simulated random event. It is a Markov chain
model as each simulated transition only depends on the current configuration.

In the first case we evolve probability. In the second case we follow a path of possible
measurements. An ensemble of paths should be consistent with the probability distribution
predicted via the first method. In other words, if we carry out the second method a number
of times and average the density matrices of the results at the end, we should get the density
matrix estimated from the first method.

The usefulness of the first of these methods partially explains why the density matrix is
important. As we will discuss below, the density matrix can also be used to quantitatively
measure the amount of information available in a quantum system.

2.3 Acronyms and definitions! (POVM, LOCC, TPCP, quantum chan-
nel, superoperator, decoherence, Lindbladian)

• Positive operator value measurement POVM. A generalization of measurement that
describes measurements with a set of complete, positive, Hermitian but not neces-
sarily orthogonal matrices. Superoperators or quantum channels can be decomposed
into such a set of operators.
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• Local operations and classical communication LOCC. Local operations include uni-
tary transformations and measurements on portions of a quantum system. An unen-
tangled state cannot be converted to an entangled one using only LOCC. Two states
can be considered to be LOCC equivalent if one can be converted into the other
using LOCC.

• TPCP trace-preserving (TP) completely positive (CP) map. These take a density
operator and give you back another density operator.

• A quantum channel is a communication channel which can transmit quantum
information. A quantum channel is also a completely positive trace-preserving
(TPCP) map between spaces of operators.

• A superoperator is a linear operator acting on a vector space of linear operators.
In quantum computing it is usually also a completely positive map which preserves
the trace of its argument (or a TPCP map). The word superoperator is often used
to describe a quantum channel in a subsystem that is induced by a unitary operation
on a larger system in which the subsystem resides. The term superoperator could
also be used to describe a map from one quantum system to another quantum system
(which might not have the same dimension as the original one).

• Decoherence. The evolution of a pure state into a mixed state. Often the pure
state is that of a subsystem and the evolution is caused by interaction with another
subsystem. Noise causes decoherence.

• Completely positive. A positive map always takes a positive item to another
positive item. A completely positive map, when iterated, always gives a positive
item. An example of an operation that is not completely positive is transposing
blocks within a positive matrix. This operation can give a matrix with a negative
eigenvalue – which is not positive. Recall that a positive operator is one that satisfies
⟨ψ∣A ∣ψ⟩ > 0 for all non-zero vectors ∣ψ⟩.

• Lindbladian. The Lindbladian operator L describes a time dependent channel,
ρ̇(t) = Lρ(t). The time dependent channel arises due to Hamiltonian evolution and
interaction with an external system or environment. The equation itself is called
the Lindblad master equation. I also see the term Liouvillian used to describe the
operator L. The term Liouvillian is sometimes also used to describe the matrix
representation of a quantum channel.

In quantum computing and quantum information theory people often use the terms
quantum channel and superoperator interchangeably.
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2.4 The no communication theorem

• A density matrix encodes all and only that which is physically observable. This is
also true for the reduced or partially traced density matrix of a subsystem.

• No communication theorem. If Alice and Bob share an entangled state (where
each of them have a part of a tensor product space), nothing Alice chooses to do
(applying unitary transformations or carrying out measurements) will have an effect
on Bob’s density matrix.

Let’s check that this is true for the Bell pair. We start with

∣ψ⟩ =
1
√
2
(∣00⟩ + ∣11⟩).

The density matrices are (repeating equation 13)

ρAB =
1

2
(∣00⟩ ⟨00∣ + ∣00⟩ ⟨11∣ + ∣11⟩ ⟨00∣ + ∣11⟩ ⟨11∣)

ρA =
1

2
(∣0⟩A ⟨0∣A + ∣1⟩A ⟨1∣A)

ρB =
1

2
(∣0⟩B ⟨0∣B + ∣1⟩B ⟨1∣B). (46)

Suppose that Alice performs a Hadamard operation on her qubit. The full state vector
becomes

∣ψ⟩′AB =H⊗ I
1
√
2
(∣00⟩ + ∣11⟩) (47)

=
1

2
(∣00⟩ + ∣10⟩ + ∣01⟩ − ∣11⟩). (48)

The density matrices become

ρ′AB =
1

4
(∣00⟩ ⟨00∣ + ∣00⟩ ⟨10∣ + ∣00⟩ ⟨01∣ − ∣00⟩ ⟨11∣)

+ ∣10⟩ ⟨00∣ + ∣10⟩ ⟨10∣ + ∣10⟩ ⟨01∣ − ∣10⟩ ⟨11∣

+ ∣01⟩ ⟨00∣ + ∣01⟩ ⟨10∣ + ∣01⟩ ⟨01∣ − ∣01⟩ ⟨11∣

− ∣11⟩ ⟨00∣ − ∣11⟩ ⟨10∣ − ∣11⟩ ⟨01∣ + ∣11⟩ ⟨11∣)

ρ′A =
1

2
(∣0⟩A ⟨0∣A + ∣1⟩A ⟨1∣A + ∣0⟩A ⟨1∣A + ∣1⟩A ⟨0∣A)

ρ′B =
1

2
(∣0⟩B ⟨0∣B + ∣1⟩B ⟨1∣B). (49)

We compare equations 46 and 49. The density matrix in the full system has changed and
Alice’s reduced density matrix, ρA has changed. However, Bob’s reduced density matrix
has not changed.
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Suppose Alice now makes a measurement of her qubit. We start with ∣ψ⟩′AB (equation
48) after Alice has performed the Hadamard operation.

Alice meas. Prob. After meas. Reduced density matrix for Bob

∣0⟩A
1
2

1√
2
(∣00⟩ + ∣01⟩) ρB,0 =

1
2(∣0⟩B ⟨0∣B + ∣0⟩B ⟨1∣B + ∣1⟩B ⟨0∣B + ∣1⟩B ⟨1∣B)

∣1⟩A
1
2

1√
2
(∣10⟩ − ∣11⟩) ρB,1 =

1
2(∣0⟩B ⟨0∣B − ∣0⟩B ⟨1∣B − ∣1⟩B ⟨0∣B + ∣1⟩B ⟨1∣B)

She has a probability of 1/2 to measure spin up or ∣0⟩A. If this happens the state vector
becomes 1√

2
(∣00⟩ + ∣01⟩) and Bob’s density matrix would become

ρB,0 =
1

2
(∣0⟩B ⟨0∣B + ∣0⟩B ⟨1∣B + ∣1⟩B ⟨0∣B + ∣1⟩B ⟨1∣B).

Alice has a probability of 1/2 to measure spin down and the state vector would become

1
√
2
(∣10⟩ − ∣11⟩).

Bob’s density matrix would become

ρB,1 =
1

2
(∣0⟩B ⟨0∣B − ∣0⟩B ⟨1∣B − ∣1⟩B ⟨0∣B + ∣1⟩B ⟨1∣B)

Because there is 1/2 probability for these outcomes, Bob’s density matrix is the sum of
these two but with each weighted by the probability 1/2. This gives

ρB =
1

2
∣0⟩B ⟨0∣B +

1

2
∣1⟩B ⟨1∣B

which is equivalent to that given in equation 46.
How do we prove the no-communication theorem in general? If Alice does a unitary

transformation U on her qubit then the operation on the full system is U⊗ I. The density
matrix becomes

ρ′AB =U⊗ I ρAB U†
⊗ I.

Let ρAB = ∑ijkl ρijkl ∣ik⟩ ⟨jl∣.

ρ′AB = ∑
ijkl

∑
ab

Uiaρabkl(U
†
)bj ∣ik⟩ ⟨jl∣

To compute Bob’s density matrix we take the trace over Alice’s degrees of freedom

ρ′B = ∑
ikl

ρiikl ∣k⟩ ⟨l∣

= ∑
kl

∑
abi

Uiaρabkl(U
†
)bi ∣k⟩ ⟨l∣
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However ∑iUia(U
†)bi = δab because U is unitary. This gives

ρ′B = ∑
kl

∑
ab

δabρabkl ∣k⟩ ⟨l∣

= ∑
kl

∑
a

ρaakl ∣k⟩ ⟨l∣ = trAρAB

= ρB

Bob’s density matrix is unchanged.
We can similarly show that a generalized or POVM measurement by Alice would not

change Bob’s density matrix. To show this we use the completeness property of the mea-
surement operators; ∑mM†

mMm = I for a measurement defined by a set of Kraus operators
in Alice’s subspace. In the full AB space Alice’s measurement operators are Mm⊗IB where
IB is the identity in Bob’s subspace. After Alice’s measurement, the density matrix be-
comes

ρ′AB = ∑
m

(Mm ⊗ IB)ρAB(M
†
m ⊗ IB).

Bob’s density matrix becomes

ρ′B = trA [∑
m

(Mm ⊗ IB)ρAB(M
†
m ⊗ IB)]

= trA [∑
m

(M†
mMm ⊗ IB)ρAB] reorder in trace computation

= trA [(IA ⊗ IBρAB)] because of completeness

= ρB.

Bob’s density matrix is not changed by Alice’s measurement.

2.5 Examples of non-projective measurements

2.5.1 Operators for the depolarizing channel

The depolarizing channel is an example of a qubit that decoheres. We assume that the
qubit is affected by interactions with its environment. There is a probability q that an
‘error’ occurs and a probability 1 − q that the qubit remains undisturbed.

There are three different types of transformations.
If an error occurs, then each of the transformations occurs with equal likelihood.
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Bit flip error
∣0⟩ → ∣1⟩
∣1⟩ → ∣0⟩

∣ψ⟩ → σx ∣ψ⟩

Phase flip error
∣0⟩ → ∣0⟩
∣1⟩ → − ∣1⟩

∣ψ⟩ → σz ∣ψ⟩

Phase and bit flip
∣0⟩ → i ∣1⟩
∣1⟩ → −i ∣0⟩

∣ψ⟩ → σy ∣ψ⟩

We can describe the depolarizing channel with four Kraus operators

M0 =
√
1 − q I

Mx =

√
q

3
σx

My =

√
q

3
σy

Mz =

√
q

3
σz. (50)

The associated Hermitian operators

E0 =M
†
0M0 = (1 − q)I

Ex =M
†
xMx =

q

3
σ2
x =

q

3
I

Ey =M
†
yMy =

q

3
σ2
y =

q

3
I

Ez =M
†
zMz =

q

3
σ2
z =

q

3
I.

We can see that the measurement operators satisfy completeness as E0 +Ex +Ey +Ez = I.
The Hermitian operators E0,Ex,Ey,Ez are not projection operators. Moreover, these
operators are not orthogonal.

2.5.2 Operators for the amplitude damping channel

The amplitude damping channel is described with Kraus operators

M0 = (
1 0
0
√
1 − γ

)

M1 = (
0
√
γ

0 0
) . (51)

The amplitude γ ∈ [0,1] can be thought of as the probability of losing a photon from an
optical mode, where ∣1⟩ is the state with 1 photon and ∣0⟩ is a state with zero photons.
Here M1 describes photon emission whereas M0 renormalizes the state.
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E0 =M
†
0M0 = (

1 0
0 1 − γ

) E1 =M
†
1M1 = (

0 0
0 γ
) . (52)

These operators satisfy completeness because M†
0M0 +M

†
1M1 = I. They are positive semi-

definite. The operators E0,E1 are not projection operators nor are they orthogonal.

3 Quantum channels

3.1 Trace preserving and complete positive linear transformations of
density matrices

A mixture can be described by a density matrix ρ. At a later time, either due to mea-
surements or interaction with another quantum system, the density matrix may change to
ρ′.

We construct a map from ρ to ρ′. The map must maintain the trace and positivity
so that probabilities always sum to 1. It should keep ρ Hermitian as its eigenvalues must
remain real. Such a trace preserving completely positive map (TPCP map) is often
called a quantum channel where the term channel originates from classical information
theory.

A quantum channel E() is a map from a density matrix to another density matrix
ρ→ ρ′ or

ρ′ = E(ρ)

that preserves

• Linearity E(αρ1 + βρ2) = αE(ρ1) + βE(ρ2) where α,β are real numbers.

• Hermiticity. ρ = ρ† implies that E(ρ) = E(ρ)†.

• Preserves positivity. ρ ≥ 0 implies that E(ρ) ≥ 0.

• Preserves the trace. tr(E(ρ)) = tr(ρ).

Why linearity? If the density matrix is a mixture, ρ = ∑i piρi, we would like E(ρ) =
E(∑i piρi) = pi∑i E(ρi).

If we consider a single measurement possibility, rather than a complete set of mea-
surements, we could relax the condition that the map preserve the trace for that single
measurement outcome, but we would still require that E(ρ) remains within the unit in-
terval [0,1]. After measurement we can always reset the trace of the density matrix by
computing it and then dividing by the result.

An example of unitary evolution: We start with a pure state ∣ψ⟩AB in a bipartite
system. The full system can evolve via unitary evolution ∣ψ⟩′AB = U ∣ψ⟩AB. The density
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matrix ρA can evolve according to equation 39.

ρAB → UρABU
†

ρA = trB ρAB

ρA → ρ′A = trB UρABU
†.

The evolution of ρA is not necessarily unitary. The map of ρA → ρ′A giving the reduced
density matrix at a later time would be a quantum channel E(). If ρAB varies due to
unitary transformation, the map ρA → ρ′A is a quantum channel and sometimes it is called
a superoperator or a channel.

ρAB ρ′AB=UρU†

ρA ρ′A

U

trB trB

E
(53)

How a unitary operation U on ρAB induces a channel E or superoperator operating on ρA.
Every channel E(ρ) can be written as a sum

E(ρ) = ∑
i

MiρM
†
i , (54)

where the set {Mi} are Kraus operators and form a POVM.1 The result, when more
formally stated, is from the Choi and Choi-Kraus theorems. The relation is known as the
operator sum decomposition of a channel. The operator sum decomposition is not
unique.

Consider a channel EN with Kraus operators {Na} and a different channel EM with
Kraus operators {Mb}. The set of Kraus operators {NaMb} for all pairs a, b gives a third
channel

EN(EM(ρ)) = (EN ○ EM)(ρ).

We have a way of taking 2 channels and producing a third one. With this binary operation,
the channels are a semi-group because the operation is associative and there is an identity.
However a quantum channel does not necessarily have an inverse so channels do not form
a group.

In a bipartite system, we can take a channel EA operating on density matrices ρA and
from it construct a channel EAB on density matrices ρAB. If Ma are the Kraus operators
for the operator sum decomposition for EA then Ma⊗I are Kraus operators for an operator
sum decomposition giving a superoperator EAB.

1For a proof see Nielson & Chuang page 370 or https://arxiv.org/pdf/1906.04478.pdf by Daniel
Manzano. The proof also follows from channel-state duality.
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Likewise any channel EAB can be projected to onto one that only involves Kraus oper-
ators in the form Ma ⊗ I. One could think of the trace map in equation 53 in terms of a
projection, but this would involve choosing a specific set of Kraus operators.

Figure 1: A closed quantum system on the left evolves via unitary evolution. On the right
a subsystem interacts with its environment. The figure on the right can be viewed as a
case of the maps shown in equation 53.

3.2 The density matrix for a qubit

We show that a density operator for a two state system can be described with a vector
known as the polarization vector p which has ∣p∣ ≤ 1. This will be useful for describing the
behavior of quantum channels operating on two state systems as they can be described in
terms of a map from one polarization vector to a different polarization vector.

The density matrix for a two state system is Hermitian and has trace of 1. This implies
that any density operator (for a two system) can be written in terms of real numbers a, b, c

ρ = (
a b + ic

b − ic 1 − a
)

= aσz + bσx − cσy + ∣1⟩ ⟨1∣

=
1

2
I + bσx − cσy + (a −

1

2
)σz. (55)

We can create a vector called a polarization vector with p = (b,−c, a − 1
2) which is

comprised of real numbers. Any density matrix for a two-state system (a qubit) can be
described with a polarization vector

p = (px, py, pz),

with

ρ =
1

2
(I + p ⋅σ) (56)

=
1

2
(I + pxσx + pyσy + pzσz). (57)
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Let us compute the density operator for a pure state that lies along the x axis on the
Bloch sphere. This pure state is ∣+⟩ = 1√

2
(∣0⟩ + ∣1⟩). The density operator is

ρ = ∣0⟩ ⟨0∣ =
1

2
(
1 1
1 1
)

=
1

2
(I +σx) .

A comparison between this and equation 57 gives px = 1 and p = (1,0,0). Equivalently to
find the x component of the polarization we can compute the trace

px = tr(∣+⟩ ⟨+∣σx) = 1 (58)

The other components py = pz = 0 so the polarization is aligned with the x axis!
We can similarly compute the density operator for the pure state ∣0⟩ which lies along

the z axis on the Bloch sphere. The density operator is ρ = ∣0⟩ ⟨0∣. We find that polarization
the p = (0,0,1) also lies along the z-axis.

In order for the density operator to be completely positive, we require that

∣p∣ ≤ 1. (59)

Since a density operator for a qubit can be described in terms of a polarization vector,
the system lies on or within a sphere, which is equivalent to the Bloch sphere. If the system
is described by a pure state, then it is on the surface of the Bloch sphere. Mixtures reside
within the Bloch sphere. The state with p = 0 lies at the origin and is said to be completely
depolarized.

A quantum channel operating on a two state system can be described by how it affects
the depolarization vector.

3.3 Examples of quantum channels

3.3.1 The depolarizing channel on a single qubit

How does the depolarizing channel for a single qubit operate on a density matrix? What
does the map look like on the Bloch sphere?

The depolarizing channel can be described with with probability q ∈ [0,1] and four
Kraus operators (previously equation 50)

M0 =
√
1 − q I

Mx =

√
q

3
σx

My =

√
q

3
σy

Mz =

√
q

3
σz. (60)
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Figure 2: The depolarizing channel contracts the Bloch sphere. On the left the sphere
consists of different density matrices, all with unit length polarization ∣p∣ = 1 (so they
come from pure states). On the right we show the result of ρ′ = E(ρ) for the different
possible pure state density matrices. A contraction to a radius of ∣p′∣ = 2/3 is consistent
with probability q = 1/4 for the channel.

Using the Kraus operators in equation 60 we construct the depolarizing channel

ρ→ ρ′

ρ′ =
3

∑
i=0

MiρM
†
i

= (1 − q)ρ +
q

3
(σxρσx + σyρσy + σzρσz). (61)

It is helpful to compute the products

σxσy = iσz = −σyσx

σyσz = iσx = −σxσy

σzσx = iσy = −σxσz

σxσyσx = iσzσx = i
2σy = −σy

σxσzσx = −iσyσx = i
2σz = −σz

In general σiσjσi = −σj for i ≠ j.
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We apply the channel in equation 61

ρ′ =(1 − q)
1

2
(I + p ⋅σ)

+
q

3

1

2
(σxIσx + pxσxσxσx + pyσxσyσx + pzσxσzσx)

+
q

3

1

2
(σyIσy + pxσyσxσy + pyσyσyσy + pzσyσzσy)

+
q

3

1

2
(σzIσz + pxσzσxσz + pyσzσyσz + pzσzσzσz)

=(1 − q)
1

2
(I + p ⋅σ)

+
q

2
I +

q

6
(pxσx + pyσy + pzσz)

−
q

6
(pyσy + pzσz + pxσx + pzσz + pxσx + pyσy)

=
1

2
(I + p ⋅σ) −

q

2
(I + p ⋅σ) +

q

2
I +

q

6
p ⋅σ −

q

3
p ⋅σ

=
1

2
[I + (1 −

4

3
q)p ⋅σ] .

In short

ρ′ =
1

2
[I + (1 −

4

3
q)p ⋅σ] . (62)

With ρ′ = 1
2(I + p

′ ⋅σ), the new density matrix has a new polarization

p′ = (1 −
4

3
q)p (63)

For probability q ∈ [0,1], the polarization magnitude ∣p′∣ ≤ ∣p∣. This means that the
magnitude of the polarization of the new density matrix is always lower or equal to the
polarization of the original density matrix. This is why the channel is called the depolarizing
channel. There is uniform contraction of the Bloch sphere. We cannot create a channel
that gives inflation of the Bloch sphere because it would not be a positive map. What
happens if q > 3/4? If that is true we can flip the sign of p′.

The operation of the channel is shown in Figure 2. If originally we consider all possible
∣p∣ = 1, consistent with a pure state, equation 63 gives ∣p∣′ = 1 − 4q

3 . A contraction to a
radius of ∣p′∣ =2/3 is consistent with probability q = 1/4.

Using equations 56 and 62 we can also write ρ′ in terms of ρ giving

ρ′ =
4

3
qI + (1 −

4

3
q)ρ. (64)
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Figure 3: Illustrating equation 63 showing p′ along the same axis as p.

We can define q̃ = 4
3q giving

ρ′ =
q̃

2
I + (1 − q̃)ρ. (65)

This form makes it clear that a fraction or probability q̃ ∈ [0,1] can also be used to describe
the channel. The probability is 1− q̃ that the density matrix remains unchanged and q̃ that
the quantum system is replaced with the completely mixed state I/2.

The form of equation 65 suggests that q̃ ∈ [0,1] would make sense. This is is confusing
as previously we used probability 1− q to describe keep ρ the same and q/3 for application
of each of the X,Y,Z operators, which when applied altogether can act in part like the
identity. In the previous example the polarization can flip sign, but in equation 65 it
cannot. Shifting to q̃ takes care of this problem.

Does the depolarization channel have a fixed point? In other words is there a density
operator ρ∗ such that E(ρ∗) = ρ∗? Yes. If the initial polarization is p = 0 then ρ∗ = I/2 is
the fully mixed state and E(ρ∗) = ρ∗ for any value of q or q̃. The attracting fixed point is
at the origin of the Bloch sphere.

3.3.2 A circuit for the depolarization channel

The depolarization channel can be modeled with a circuit as shown in Figure 4. The gate is
a controlled swap operation where nothing happens to the top two bits if the bottom bit is
0. For the top two bits ∣00⟩ → ∣00⟩ , ∣11⟩ → ∣11⟩, and ∣10⟩ → ∣01⟩ , ∣01⟩ → ∣10⟩ if the bottom bit
is 1. On the left, instead of showing states, we show density matrices. This implies that the
initial states of the qubits are unentangled mixtures. In other words ρABC = ρA ⊗ ρB ⊗ ρC
where ρA, ρB, ρC are the density operators describing mixtures for each individual qubit.

How do we find what the circuit in Figure 4 does? The input on the left is three
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Figure 4: The polarization channel can be modeled with a circuit. The gate denotes a
controlled swap where if the bottom bit is 1, ∣10⟩ → ∣01⟩ and vice-versa for the top two bits.
Instead of showing states on the left, we show density matrices. The inputs to this circuit
are mixtures of states.

unentangled mixed states. Indexing from top to bottom

ρ0 = a00 ∣0⟩ ⟨0∣ + a01 ∣0⟩ ⟨1∣ + a10 ∣1⟩ ⟨0∣ + a11 ∣1⟩ ⟨1∣

ρ1 =
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) = (

1
2 0

0 1
2

)

ρ2 = (1 − q̃) ∣0⟩ ⟨0∣ + q̃ ∣1⟩ ⟨1∣ = (
1 − q̃ 0
0 q̃

)

As we assume that there is no entanglement initially, the full density matrix

ρABC = ρ0 ⊗ ρ1 ⊗ ρ2 (66)

The circuit itself is a unitary transformation

U = I⊗ I⊗P0 + Sw ⊗P1 (67)

where P0 = ∣0⟩ ⟨0∣ and and P1 = ∣1⟩ ⟨1∣. Here Sw is a swap operator for the first two qubits

Sw = ∣00⟩AB ⟨00∣AB + ∣11⟩AB ⟨11∣AB + ∣01⟩AB ⟨10∣AB + ∣10⟩AB ⟨01∣AB =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞
⎟
⎟
⎟
⎠
AB

The action of the circuit is

UρU†
= ρ0 ⊗ ρ1 ⊗ (1 − q̃) ∣0⟩C ⟨0∣C + q̃[Sw(ρ0 ⊗ ρ1)Sw] ⊗ ∣1⟩C ⟨1∣C . (68)

Perhaps the easiest way to compute the second term is to consider the two pieces of
the density matrix of the middle qubit separately. We can do this because when we take
the trace of the last qubit, each term contributes separately to ρA, the resulting density
matrix of the first qubit. Focusing on the first two qubits

Sw(ρ0 ⊗ ρ1)Sw =
1

2
Sw(ρ0 ⊗ (∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣)Sw
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Sw(ρ0 ⊗ (∣0⟩ ⟨0∣)Sw = Sw(a00 ∣00⟩ ⟨00∣ + a01 ∣00⟩ ⟨10∣ + a10 ∣10⟩ ⟨00∣ + a11 ∣10⟩ ⟨10∣)Sw

= a00 ∣00⟩ ⟨00∣ + a01 ∣00⟩ ⟨01∣ + a10 ∣01⟩ ⟨00∣ + a11 ∣01⟩ ⟨01∣

Sw(ρ0 ⊗ (∣1⟩ ⟨1∣)Sw = Sw(a00 ∣01⟩ ⟨01∣ + a01 ∣01⟩ ⟨11∣ + a10 ∣11⟩ ⟨01∣ + a11 ∣11⟩ ⟨11∣)Sw

= a00 ∣10⟩ ⟨10∣ + a01 ∣10⟩ ⟨11∣ + a10 ∣11⟩ ⟨10∣ + a11 ∣11⟩ ⟨11∣)

Adding these together

Sw(ρ0 ⊗ ρ1)Sw =
1

2
[a00(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) ∣0⟩ ⟨0∣ + a11(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) ∣1⟩ ⟨1∣

+ a01(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) ∣0⟩ ⟨1∣ + a10(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) ∣1⟩ ⟨0∣ ]

Let’s take the trace of the second qubit for the case that the last qubit is 1.

trB Sw(ρ0 ⊗ ρ1)Sw ∣1⟩C ⟨1∣C =
1

2
(a00 + a11)(∣0⟩A ⟨0∣A + ∣1⟩A ⟨1∣A) ∣1⟩C ⟨1∣C =

1

2
IA ∣1⟩C ⟨1∣C

because ρ0 has trace of 1. We take the trace of the second qubit for the case that the last
qubit is 0

trB(ρ0 ⊗ ρ1) ∣0⟩C ⟨0∣C = ρ0 ∣0⟩C ⟨0∣C .

The probability of getting state 1
2I in the first qubit is q̃ and the probability that getting

state ρ0 in the first qubit is 1 − q̃. Putting this together

trBC(UρU†
) = (1 − q̃)ρ0 + q̃

1

2
I.

Taking the trace of second and third qubits gives a probability of (1−q̃) that the density
matrix in the first qubit is returned as is (the identity transformation) and a probability
of q̃ that half the identity matrix or maximally mixed state is returned. This is consistent
with equation 65.

This circuit does indeed model the polarization channel, however after the controlled
swap, all three qubits are entangled.

3.3.3 The depolarization channel on a larger system

Consider a system with N states. The generalization of the depolarization channel in
equation 65 is the map ρ→ ρ′ with

ρ′ =
q̃

N
I + (1 − q̃)ρ. (69)

The factor in front of the identity matrix is adjusted so that with tr(ρ) = 1, the channel
gives tr(ρ′) = 1. This type of channel is also sometimes called an erasure channel as
information about the state is erased with probability q̃.
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A set of Kraus operators for the depolarization channel can be created by creating three
operators similar to the three Pauli operators on a 2 state system for each pair of states in
the N state system. The identity is also included as an operator. The normalization is a
bit different than for the two-state system, but the result can also be written in terms of
the identity operator and the density operator itself, as in equation 69.

It is a pain to work with the Kraus operators for the depolarization channel but straight-
forward to work with equation 69. What if the depolarization channel is done after another
channel E? We denote the depolarization channel Edepol. We want to compute Edepol(E(ρ))
which is sometimes written as (Edepol ○ E)(ρ). Using equation 69

Edepol(E(ρ)) =
q̃

N
I + (1 − q̃)E(ρ). (70)

This is a nice form that is useful when discussing measurement of errors on quantum
systems (for example in the method known as random benchmarking).

3.3.4 The amplitude damping channel on a single qubit

The amplitude damping channel on a single qubit is described with the two Kraus operators

M0 = (
1 0
0
√
1 − γ

)

M1 = (
0
√
γ

0 0
) ,

which have

M†
0M0 = (

1 0
0 1 − γ

)

M†
1M1 = (

0 0
0 γ
) .

They satisfy completeness as these two operators sum to I.
With

ρ = (
a b
b∗ 1 − a

) ,

the evolution of the density matrix using the two Kraus operators

ρ′ =M0ρM
†
0 +M1ρM

†
1

= (
a

√
1 − γb

√
1 − γb∗ (1 − γ)(1 − a)

) + (
γ(1 − a) 0

0 0
)

= (
a + γ − aγ

√
1 − γb

√
1 − γb∗ 1 − γ − a + aγ

) . (71)
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Figure 5: The amplitude damping channel contracts and shifts the Bloch sphere. On
the left the sphere consists of different density matrices, all with unit length polarization
∣p∣ = 1 (so they come from pure states). On the right we show the result of ρ′ = E(ρ) for
the different possible pure state density matrices.

We measure the polarization of the original density matrix and the transformed density
matrix;

px = tr(ρX) = b + b
∗

py = tr(ρY ) = i(b − b
∗
)

pz = tr(ρZ) = 2a − 1

p′x = tr(ρ
′X) =

√
1 − γ(b + b∗)

p′y = tr(ρ
′Y ) =

√
1 − γi(b − b∗)

p′z = tr(ρ
′Z) = 2(a + γ − aγ) − 1 = 2a(1 − γ) + 2γ − 1.

It is useful to compute 2a = (1 + pz). This gives the polarization map

p→ p′

with

p′x =
√
1 − γ px

p′y =
√
1 − γ py

p′z = pz(1 − γ) + γ. (72)

The amplitude damping map contracts the Bloch sphere in all directions, but more so in
the z direction. It also can increase the polarization in the z direction, which makes sense
as the system should move toward the no photon or ∣0⟩ state.

Is there a fixed point ρ∗ for the amplitude damping channel, giving E(ρ∗) = ρ∗? We
find a polarization such that p′ = p using equation 72. This gives px = py = 0, pz = 1. The
density matrix that is a fixed point of the amplitude damping channel is ρ∗ =

1
2(I + σz).

Repeated applications of the channel move the system to the maximally polarized state
on the pole of the Bloch sphere. This make sense as the amplitude damping channel is
associated with spontaneous emission or equivalently transitions from ∣1⟩ to ∣0⟩.
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3.3.5 The dephasing channel on a qubit

Figure 6: The dephasing channel reduces x, y polarization

The dephasing channel reduces the off diagonal elements of a density operator. Once
off diagonal elements are zero, the density operator consists of positive diagonal elements
which are equivalent to probabilities. The system has lost all superposition and is described
by a bunch of classical probabilities. The dephasing channel is a way to convert a quantum
mechanical system into one that is essentially behaving classically.

The channel is described with the map ρ→ ρ′, with

ρ′ = (1 −
q

2
)ρ +

q

2
σzρσz. (73)

Kraus operators for the channel are

K0 =

√

1 −
q

2
I, K1 =

√
q

2
σz.

The channel sends

∣0⟩ ⟨0∣ → ∣0⟩ ⟨0∣

∣1⟩ ⟨1∣ → ∣1⟩ ⟨1∣

∣0⟩ ⟨1∣ → (1 − q) ∣0⟩ ⟨1∣

∣1⟩ ⟨0∣ → (1 − q) ∣0⟩ ⟨1∣ . (74)

Off-diagonal terms are damped. After repeated applications of the channel, only diagonal
elements in the density operator are left.

What happens to the pure state

∣+⟩ ⟨+∣ =
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣ + ∣1⟩ ⟨0∣ + ∣0⟩ ⟨1∣)? (75)

Using equation 74 for each of these terms, we find

∣+⟩ ⟨+∣ Ð→
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) +

(1 − q)

2
(∣0⟩ ⟨1∣ + ∣1⟩ ⟨0∣)

∣−⟩ ⟨−∣ Ð→
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) −

(1 − q)

2
(∣0⟩ ⟨1∣ + ∣1⟩ ⟨0∣). (76)
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After repeated applications ∣+⟩ ⟨+∣ → I/2. Similarly after repeated applications ∣−⟩ ⟨−∣ → I/2.
The phase differences between these two pure superposition states are erased.

In the limit of repeated applications of the dephasing channel, the channel limt→∞ E
t

behaves as if it were derived from the two Kraus operators {∣0⟩ ⟨0∣ , ∣1⟩ ⟨1∣}. In other words
with iteration number t

lim
t→∞
E
t
(ρ) = ρ00 ∣0⟩ ⟨0∣ + ρ11 ∣1⟩ ⟨1∣ (77)

where ρ00, ρ11 are the initial values on the diagonal of the density operator. Since ρ is
Hermitian, ρ00, ρ11 are real. The resulting density operator only contains real numbers.
Complex phases which could describe superposition states are removed. The resulting
density operator is essentially classical as we could consider ρ00 and ρ11 to be probabilities.
We call this channel completely dephasing.

3.3.6 The dephasing channel for an N-state system

A channel that is completely dephasing Edephase for a system with N states can be described
with a set of N Kraus operators, each in the form

Kj = ∣j⟩ ⟨j∣ . (78)

The set of Kraus operators are complete because ∑N−1
j=0 K†

jKj = ∑
N−1
j=0 ∣j⟩ ⟨j∣ = I. The

dephasing channel

Edephase(∣i⟩ ⟨k∣) = ∑
j

Kj ∣i⟩ ⟨k∣K
†
j

=
N−1

∑
j=0

∣j⟩ ⟨j∣ (∣i⟩ ⟨k∣) ∣j⟩ ⟨j∣

=
N−1

∑
j=0

δjiδjk ∣j⟩ ⟨j∣

= δik ∣i⟩ ⟨i∣ . (79)

The channel zeros all off diagonal terms in the density operator, leaving only diagonal
terms which are unchanged. Because it leaves only diagonal terms, the channel behaves
like a function operating on a classical probability distribution.

3.3.7 Other dephasing channels

A channel E can be described as dephasing if it zeros off-diagonal elements of the density
operator. However a channel that is dephasing could cause variations in the diagonal
elements of the density operator. A channel that is dephasing also satisfies Edephase(E) = E
where Edephasing that determined from the Kraus operators in equation 78.
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An example of a channel that is dephasing (Edephase) is one that is generated using a
function f ∶ ZN → ZN . We use the function to generate N Kraus operators describing the
channel;

Kj = ∣f(j)⟩ ⟨j∣ . (80)

With the set of N Kraus operators described via equation 80 the channel sends ρ → ρ′

with

ρ′ = ∑
j

Kjρ
′K†

j . (81)

This channel has the cute property that it can exhibit attracting cycles. The channel
behaves classically, so perhaps it is not a surprise that it can exhibit phenomena similar to
some dynamical systems.

3.4 Single qubit channels in general

Recall that any density matrix for a single qubit can be written as

ρ =
1

2
(I + p ⋅σ)

Any channel ρ→ ρ′ can be described by how it affects the polarization,

p→ p′.

Since a channel must be linear, any channel can be written in the form

p′ =Mp + c (82)

where M is a 3 × 3 real matrix and c is a real constant vector. This type of map is known
as an affine map.

The matrix M can further be decomposed into a real rotation in three dimensions
times a symmetric matrix, M = RS. The symmetric matrix S = R′DR′

−1
can further

be decomposed into a real rotation R′ and a diagonal matrix D that squeezes the Bloch
sphere. The vector c lets you shift the Bloch sphere.

A single qubit channel is in general described by a set of Kraus operators. At most
there can be 4 Kraus operators because of channel state duality (see section 3.7 below).
Given a set of Kraus operators for the channel, it is possible to find the coefficients of
the matrix M and vector c in equation 82. Any linear operator A on a single qubit can
be written as a sum of complex coefficients times I,σx,σy,σz as these 4 matrices give a
complete basis for 2×2 complex matrices. In other words, each Kraus operators Ki in the
complete set of Kraus operators describing the channel {Ki} can be decomposed with 4
complex cofficients αi,0, αi,x, αi,y, αi,z and

Ki = αi,0I + αi,xσx + αi,yσy + αi,zσz. (83)
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Via operating on the a density matrix with polarization p, it is possible to find the co-
efficients of the matrix M and vector c in equation 82 in terms of the set of complex
coefficients αi,0, αi,x, αi,y, αi,z for the Kraus operators.

I think it might be less straightforward find a set of Kraus operators for the channel
given M,c because the set is not unique.

3.5 Rapid measurements and the Quantum Zeno Hamiltonian

We consider a system that is rapidly measured over and over again with time between
measurements δt. We will discuss evolution of the system in the limit of δt small. Between
measurements the system evolves via Hamiltonian H.

∣ψ(δt)⟩ =U ∣ψ(0)⟩ with U = e−iHδt.

(We set h̵ = 1).
We consider a projective measurement described with a complete set of Hermitian

orthogonal projections PiPj = δijPi and ∑kPk = I. The projection operators define a set
of orthogonal projective subspaces, one for each projection operator. The vector space H
can be decomposed H = H1 ⊕H2 ⊕ .... where each Hk is vector space that is the range of
projection operator Pk. If ∣ϕ⟩ ∈Hk then Pk ∣ϕ⟩ = ∣ϕ⟩. If H has dimension N the number of
projection operators can be less than N . That means the measurements could be those of
a subsystem, for example one qubit in a multiple qubit system.

Suppose the system begins with state vector ∣ϕ⟩ ∈Hk. If the system is rapidly measured
over and over again, then it will remain in this projective subspace. This is known as the
Quantum Zeno effect.

What is the evolution like within a projected subspace?
We alternate measurements and unitary evolution. After j measurements the wave

function is
∣ψj⟩ = (PkU)

j
∣ϕ⟩ (84)

assuming that measurement is done rapidly enough that the state remains within the
subspace associated with Pk. Because P2

k = Pk, and because Pk ∣ϕ⟩ = ∣ϕ⟩ we can write the
above equation as

∣ψj⟩ = (PkUPk)
j
∣ϕ⟩ (85)

We are interested in iterations of the operator PkUPk. Note PkHPkHPk is not necessarily
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equal to PkH
2Pk.

PkUPk = Pke
−iHδtPk

= Pk

⎛

⎝
I +

∞

∑
j=1

(−iHδt)j

j!

⎞

⎠
Pk

∼ Pk (I − iHδt)Pk to first order in δt

= Pk (I − iPkHPkδt)Pk because P2
k = Pk

∼ Pke
−iHZkδtPk, (86)

where
HZk ≡ PkHPk. (87)

Similarly

(PkUPk)
j
≈ [Pk(1 − iHδt)Pk]

j

≈ [Pk(1 − iPkHPkδt)Pk]
j

≈ Pk − iPkHPkjδt

≈ Pk(I − iHZkjδt)Pk

≈ Pke
−iHZkjδtPk. (88)

With t = jδt
∣ψ(t)⟩ ≈ Pke

−iHZktPk ∣ϕ⟩ . (89)

If measurements are done rapidly enough, then the probability that the system is
measured to move to a different subspace drops to zero. Within the projective subspace,
evolution is specified by the Hamiltonian in equation 87. If the system never leaves the
projective subspace then the evolution via e−iHZkt is unitary.

More generally we can define what is called the Quantum Zeno Hamiltonian

HZ ≡ ∑
k

PkHPk (90)

which is Hermitian. The Zeno Hamiltonian gives unitary evolution simultaneously within
each projective subspace. If we start with a density operator which could arise from a
superposition of pure states that are in the different projective subspaces then evolution
would be described via continuous unitary evolution

ρ(t) = e−iHZtρ(0)eiHZt. (91)

If a system is continuously measured, then evolution of the density matrix is unitary
and the Hamiltonian for evolution in each projective subspace can be directly computed
by projecting the full Hamiltonian into the subspace.

44



Let’s be a bit more careful. Consider a single measurement and evolution step. We can
repeat the projective measurement at the beginning and end of the step because doing a
measurement twice is equivalent to doing it once.

ρ′ = ∑
k

PkρPk

ρ′′ =Uρ′U†

ρ′′′ = ∑
k′

Pk′ρ
′′Pk′ = ∑

k,k′
Pk′UPkρPkU

†Pk′ .

We expand U to first order in δt; via U = e−iHδt ∼ I − iHδt

ρ′′′ ≈ ∑
k

PkρPk + ∑
k,k′

Pk′(−iHδt)PkρPkPk′ +Pk′PkρPk(iHδt)Pk′

= ∑
k

PkρPk +Pk(−iHδt)PkρPk +PkρPk(iHδt)Pk

To first order in δt this is equivalent to

∑
k

Pke
−iHZkδtPkρPke

iHZkδtPk = e
−iHZδtρeiHZδt (92)

This lets us recover the Zeno Hamiltonian and the only approximation we have used is
that δt is small. We could compute the error by taking into account the subsequent terms
in the expansion.

What does HZ look like? In a basis that is related to the set of projection operators
the Zeno Hamiltonian is a matrix that looks like a series of square matrices along the
diagonal. Each square matrix is the hamiltonian HZk associated with Pk. Each square
matrix operates only on the range of its associated projection operator. Dynamics in each
subspace is entirely independent of the dynamics in all the other subspaces.

For more examples of rapidly done quantum operations see Quantum Zeno Dynamics
from General Quantum Operations, Daniel Burgarth et al. (2020) Quantum, 4, 289, https:
//arxiv.org/abs/1809.09570.

How fast do measurements need to be done for the state to remain within a projected
subspace? Hamiltonian evolution should be slow or adiabatic compared to the time between
measurements.

3.6 Physical meaning of operator sum decomposition with measurement

In Figure 7 we show a CNOT operating on two qubits. The lower qubit is measured. The
CNOT and measurement effectively act as a quantum operation on the upper qubit which
we call a channel. The lower qubit could be considered as an environment affecting the
upper qubit.
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Figure 7: A unitary operation operating on 2 qubits is the CNOT. If we measure the lower
bit, we can think of the resulting operation as a channel operating on the upper qubit.

Suppose the upper qubit begins in the state a ∣0⟩ + b ∣1⟩. The density matrix of the
initial state is

ρAB = ρA ⊗ ∣1⟩B ⟨1∣B

where ρA is the density matrix of the upper qubit. The operation of the CNOT on the
density matrix for the two qubit system is

ρ′AB =UρABU
†.

The CNOT operation is

Ucn = ∣00⟩ ⟨00∣ + ∣01⟩ ⟨01∣ + ∣10⟩ ⟨11∣ + ∣11⟩ ⟨10∣ =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎞
⎟
⎟
⎟
⎠

.

We compute the following matrices

M0 = ⟨0∣B Ucn ∣1⟩B = ⟨0∣B ( ∣0⟩A ∣0⟩B ⟨0∣A ⟨0∣B + ∣0⟩A ∣1⟩B ⟨0∣A ⟨1∣B

+ ∣1⟩A ∣0⟩B ⟨1∣A ⟨1∣B + ∣1⟩A ∣1⟩B ⟨1∣A ⟨0∣B ) ∣1⟩B

= ∣1⟩A ⟨1∣A
M1 = ⟨1∣B Ucn ∣1⟩B = ∣0⟩A ⟨0∣A . (93)

Note the right hand side for both operators uses ∣1⟩B because this is the initial condition
for the second qubit. There are two possible measurement values, 0 or 1 for the second
qubit. Each of the operators is related to a possible measurement value for the second
qubit and that is why we have ⟨0∣B on the left for M0 and ⟨1∣B on the left for M1. The
notation is confusing. Because we are computing with bra-ket in the B subspace and with
U in the full AB system, the resulting M0 and M1 are operators in the A subspace.
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We can write

ρ′A = trBρ
′
AB = ∑

k

⟨k∣B UρABU
†
∣k⟩B tracing over B

= ∑
k

⟨k∣B U(ρA ⊗ ∣1⟩B ⟨1∣B)U
†
∣k⟩B notice initial ∣1⟩B ⟨1∣B in the center

= ⟨0∣B U ∣1⟩B ρA ⟨1∣B U†
∣0⟩B + ⟨1∣B U ∣1⟩B ρA ⟨1∣B U†

∣1⟩B use equation 93

=M0ρAM
†
0 +M1ρAM

†
1.

The operators {M0,M1} we computed using U and the specific initial value of the B
state for the second qubit, giving an operator sum decomposition for the quantum channel.
Inspection of equation 93 reveals that the two operators are a complete set of Kraus
operators.

What does this channel do? With initial density operator ρA = ∑ij ρij ∣i⟩ ⟨j∣ we compute

ϵ(ρA) =M0ρAM
†
0 +M1ρAM

†
1

= ∣0⟩ ⟨0∣ρA ∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣ρA ∣1⟩ ⟨1∣ using eqn 93

= ρ00 ∣0⟩ ⟨0∣ + ρ11 ∣1⟩ ⟨1∣ .

The channel is dephasing as off diagonal elements of the density operator are zeroed.

3.7 Channel-state duality and the operator sum decomposition

Channel-state duality consists of associating a density operator ρAB in a larger space
with a channel E that operates on a subspace HA and vice versa. The correspondence
is also called the Choi-Jamiolkowski isomorphism. Note that the state is equivalent to a
density operator.

E(ρA) ←→ ρAB channel state duality. (94)

3.7.1 Channel to state

We first consider how to relate a channel to a state.

E(ρA) Ð→ ρAB. (95)

Consider a channel E(ρA) which operates on a density operator ρA in a Hilbert space
HA with dimension d. We construct a larger Hilbert space HA⊗HB where HB is the same
dimension as HA. The dimension of HA ⊗HB is d2. We construct a maximally entangled
pure state in HA ⊗HB

∣ψ⟩AB =
1
√
d

d

∑
i=1

∣i⟩A ∣i⟩B . (96)
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Using this maximally entangled pure state we create an initial density matrix

ρ0,AB = ∣ψ⟩AB ⟨ψ∣AB =
1

d
∑
ij

∣i⟩A ∣i⟩B ⟨j∣A ⟨j∣B . (97)

We operate on the pure state with E ⊗ I. The result is a density operator ρAB (operating
on HA ⊗HB)

ρAB = (E ⊗ I)ρ0,AB = (E ⊗ I) (∣ψ⟩AB ⟨ψ∣AB ) . (98)

Equation 98 gives us a ‘state’ (actually a density operator ρAB) from a channel, E . We
are trying to establish channel/state duality and this gives us the first part of the duality;
E(ρA) Ð→ ρAB.

3.7.2 State to channel

Given a density operator ρAB can we instead now find a quantum channel in the subspace
HA? In other words can we find E(ρA):

ρAB Ð→ E(ρA). (99)

Let us assume that we can define the channel by leveraging the state ∣ψ⟩AB that we
defined previously in equation. We set 96)

ρAB = (E ⊗ I) (∣ψ⟩AB ⟨ψ∣AB) =
1

d
∑
lm

E(∣l⟩A ⟨m∣A) ⊗ ∣l⟩B ⟨m∣B . (100)

We take a bra and ket of this equation using ⟨i∣B , ∣j⟩B which are the same basis states that
we used to define ∣ψ⟩AB,

⟨i∣B ρAB ∣j⟩B =
1

d
⟨i∣B∑

lm

E(∣l⟩A ⟨m∣A) ⊗ ∣l⟩B ⟨m∣B ∣jB⟩

=
1

d
∑
lm

δilδjmE(∣l⟩A ⟨m∣A)

=
1

d
E(∣i⟩A ⟨j∣A). (101)

Notice this equation gives us a state in HA (on the left) for every possible input for the
channel E . We can apply this to sums of states which means equation 101 gives us a linear
map which operates on operators in HA.

Is this map a channel? To show that the map is a quantum channel we will show
that it can be decomposed as a sum of operators that put it in the form of a generalized
measurement.
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3.7.3 Operator sum decomposition

In general, the derived density operator ρAB is not that of a pure state. It is always possible
to expand ρAB in a sum of linearly independent pure states

ρAB =
nm

∑
m=1

pm ∣ϕm⟩AB ⟨ϕm∣AB , (102)

where pm are probabilities, ∑m pm = 1, and ∣ϕm⟩AB are the pure states. This is equivalent
to diagonalizing ρAB which is possible because it is Hermitian. The required number of
terms nm ≤ d

2. We will use the states ∣ϕm⟩AB to construct Kraus operators.
We chose a state in HA to help us with our calculations, ∣a⟩A. We expand this state in

the basis we also used for the maximally entangled state ∣ψ⟩AB in equation 96,

∣a⟩A = ∑
i

ai ∣i⟩A . (103)

This state, along with the states ∣ϕm⟩AB, will be used to construct Kraus operators. We can
write the state ∣a⟩A in terms of the maximally entangled state ∣ψ⟩AB (defined in equation
96)

∣a⟩A =
√
d∑

i

ai ⟨i∣B ∣ψ⟩AB . (104)

We check that this is correct:

√
d∑

i

ai ⟨i∣B ∣ψ⟩AB =
√
d∑

i

ai ⟨i∣B
1
√
d
∑
j

∣j⟩A ∣j⟩B using definition for ∣ψ⟩AB

= ∑
ij

aiδij ∣j⟩A = ∑
i

ai ∣i⟩A = ∣a⟩A .

(For example if ∣ψ⟩AB =
1√
2
(∣00⟩AB+∣11⟩AB) and ∣a⟩A = a ∣0⟩A+b ∣1⟩A then ∣a⟩A = (a ⟨0∣B ∣00⟩AB+

b ⟨1∣B ∣11⟩AB).)
Using the same coefficients ai describing ∣a⟩A in equation 103, we can construct a vector

⟨a∗∣B = ∑
i

⟨i∣B ai. using ∣ψ⟩AB (105)

(Ordinarily ⟨a∣ = ∑i ⟨i∣a
∗
i .) Equation 105 inserted into equation 104 gives

∣a⟩A =
√
d ⟨a∗∣B ∣ψ⟩AB . (106)

We use equation 102 to expand ρAB on the left hand size of equation 101 and multiply
both sides of equation 101 by d;

∑
m

pmd ⟨i∣B ∣ϕm⟩AB ⟨ϕm∣AB ∣jB⟩ = E(∣i⟩A ⟨j∣A). (107)
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Using the linearity of the channel, we apply the channel to ∣a⟩A ⟨a∣A giving (with the help
of equation 106)

E(∣a⟩A ⟨a∣A) = ∑
m

pm( ⟨a
∗
∣B ∣ϕm⟩AB ⟨ϕm∣AB ∣a

∗
⟩B ). (108)

For each of the terms in the sum, we define an operator Mm that obeys

Mm ∣a⟩A = ⟨a
∗
∣B ∣ϕm⟩AB

√
pm. (109)

These operators send states in HA to states in HA. Equation 109 shows that the elements
of the operators Mm are essentially the elements of the pure states ∣ϕm⟩AB inHA as written
explicitly below in equation 112. We insert equation 109 into equation 108,

E(∣a⟩A ⟨a∣A) = ∑
m

Mm ∣a⟩A ⟨a∣AM†
m. (110)

As any density matrix can be written as a weighted sum over pure states, we can extend
equation 110 to give

E(ρA) = ∑
m

MmρAM
†
m. (111)

for any density matrix ρA.
Since we can do this for any channel, we have proven that any channel can be written

in the form of equation 111 and this means we have shown that any channel can be written
in the form of an operator sum decomposition with operators given by equation 109.
The particular vector ∣a⟩A chosen to find the operators is not important, it just helps in
the calculation.

How does this show we can find a channel given any ‘state’ or ρAB? We can always
decompose ρAB into pure states ∣ϕm⟩AB (equation 102) and we can always use equation
109 to find a set of operators {Mm}. This set of operators can always be used to construct
a channel E that operates on density operators that work on vectors in a Hilbert space
of dimension d that is half that of ρAB. This means if we start with an operator ρAB

(operating on a tensor product space HA ⊗HB) we can always generate a channel E that
operates on HA.

What is the maximal number of Kraus operators needed to describe a channel within
the operator sum decomposition?

To answer this question we first answer the following:
What is the number pure states needed to describe a density operator ρ for a complex

vector space of dimension d? The number of pure states in a sum ρ = ∑i piρi, where ρi are
the pure states, is no larger than the total number of eigenvalues of ρ, which is d.

For a channel E in dimension d, what is the maximum number of Kraus operators in its
operator sum decomposition? Channel state duality gives us a density operator ρAB in a
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space of dimension d2. The decomposition of ρAB in terms of pure states requires at most
d2 terms and this gives a maximum of d2 operators in the operator sum decomposition.

While this gives us the maximum total number of operators, there are more degrees
of freedom in the description of a channel because we have many ways of choosing each
operator. A density operator operating on a d dimensional vector space has d2 terms in
the matrix representation. However apparently there are are d constraints in order for it to
be trace-preserving. (It must preserve the trace for d linearly independent vector inputs).
The number of degrees of freedom is d2 − d = d(d − 1).

For a channel operating on a single qubit, channel-state duality gives a state ρAB in a
vector space that has dimension 4. The number of degrees of freedom is 4(4 − 1) = 12. So
there are 12 degrees of freedom for single qubit quantum channels.

Even though you can make a POVM with as many operators as you like, there is a
limit on the number of Kraus operators in the operator sum decomposition for a channel.

3.7.4 Completeness

We did not yet prove that the Kraus operators give a POVM (completeness and positivity),
however it is possible to do so. We show that they are complete: From equation 109

⟨j∣AMm ∣i⟩A = ⟨j∣A ⟨i∣B ∣ϕm⟩AB

√
pm.

The operators are

Mm =
√
pm∑

ij

⟨j∣A ⟨i∣B ∣ϕm⟩AB ∣j⟩A ⟨i∣A (112)

M†
m =
√
pm∑

kj

⟨ϕm∣AB ∣j⟩A ∣k⟩B ∣k⟩A ⟨j∣A . (113)

To show that the set is complete we compute

∑
m

M†
mMm = ∑

ik

∣k⟩A ⟨i∣A∑
m

pm∑
j

⟨j∣A ⟨i∣B ∣ϕm⟩AB ⟨ϕm∣AB ∣j⟩A ∣k⟩B

= ∑
ik

∣k⟩A ⟨i∣A∑
j

⟨j∣A ⟨i∣B ρAB ∣j⟩A ∣k⟩B using equation 102

= ∑
ik

∣k⟩A ⟨i∣A ⟨i∣B trA ρAB ∣k⟩B

However trA ρAB = ∑k ∣k⟩B ⟨k∣B = IB via taking the partial trace in HA of equation 100.
We insert this into the above equation

∑
m

M†
mMm = ∑

ik

∣k⟩A ⟨i∣A δik

= ∑
i

∣i⟩A ⟨i∣A = IA.
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Thus the Kraus operators are complete.
To complete the proof of channel-state duality we would also want to show that the

resulting channel is positive.

3.8 Some types and some properties of quantum channels

A quantum channel can be inverted by another quantum channel only if it is unitary.
Decoherence is irreversible.

A channel is unital if it preserves the identity operator. This implies that∑kMkM
†
k = I

where {Mk} are the set of Kraus operators describing the channel. Notice this differs from
the completeness requirement which is ∑kM

†
kMk = I. Not all quantum channels are unital.

For example, the amplification damping channel is not unital but the depolarization channel
is unital.

The freedom to choose the Kraus operators representing a channel in many different
ways is equivalent to the freedom to choose the ensemble of pure states representing a
density operator in many different ways. This is related to channel-state duality. Any
two channels that are the same are related via a unitary transformation of their Kraus
operators.

Every quantum channel has at least one fixed point ρ∗ satisfying E(ρ∗) = ρ∗. This
is a consequence of the Brouwer fixed-point theorem which states that every continuous
function mapping a compact, convex set to itself must have a fixed point. It is also
a consequence of the Schauder fixed point theorem which states that every continuous
function from a convex compact subset of a Banach space to itself has a fixed point.

A channel is called ergodic if it has a unique fixed point ρ∗ where E(ρ∗) = ρ∗. A channel
is known as mixing if repeated applications of the channel cause the density operator to
decay to this unique fixed point. The condition for decay is

lim
k→∞
∣∣E

k
(ρ0) − ρ∗∣∣ = 0

for any initial ρ0 and we use the Hilbert-Schmidt (or Frobenius) norm as a distance measure.
All mixing channels are ergodic but not all ergodic channels are mixing! An example of a
channel that is both ergodic and mixing is the depolarization channel.

When composing two channels E1,E2, the channel E2(E1(ρ)) is said to be a concate-
nation of the two channels.

The property of convexity means that for any two channels E1,E2 and q̃ ∈ [0,1], the
map ρ→ ρ′ with

ρ′ = q̃E1(ρ) + (1 − q̃)E2(ρ) (114)

for q̃ ∈ [0,1] is also a quantum channel. Convexity ensures that the resulting channel
satisfies positivity.

A decoherence free subspace is a subspace that is invariant with respect to a channel.
For example, it could be a vector space S that is a subspace of the full quantum space
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S ⊂ H that satisfies E(∣v⟩ ⟨v∣) = w with w a density operator that is comprised of states
within S and this is true ∀ ∣v⟩ ∈ S.

Channels are contractive in the sense that

∥E(ρ) − E(σ)∥tr ≤ ∥ρ − σ∥tr (115)

for any two density operators ρ, σ and any channel E . Here ∥A∥tr ≡ tr
√
AA† is the trace

norm and
√
AA† is an operator. This is discussed in more detail below in section 6.3 when

we discuss distance measures for quantum information.
When considering the matrix representation T̂ for the channel, the fixed point is a right

eigenstate of T̂ with eigenvalue 1. Right eigenvalues of T̂ lie in the unit disk on the complex
plane. This follows from equation 115 describing channel contractivity. Eigenvalues of T̂
that are not 1 correspond to eigenstates that are traceless. The matrix T̂ is not necessarily
a normal matrix so there need not be a full set of d2 eigenstates where d is the dimension
of the quantum space. Eigenstates need not belong to perpendicular subspaces (where per-
pendicularity can be defined with the Hilbert-Schmidt norm). There can be matrices called
generalized eigenstates that are relevant when T̂ is put in Jordan form. Only eigenvalues
with ∣λ∣ = 1 are associated with subspaces that do not decay after repeated applications of
the channel.

For more details (and in a more math oriented view point, so with theorems) see the
comprehensive set of notes by Michael W. Wolf, (2012), Quantum Channels & Operations
Guided Tour, https://mediatum.ub.tum.de/doc/1701036/1701036.pdf.

4 Entropy and Information

4.1 Entropy in statistical physics

We consider a system of a total energy but a number of different ways g to distribute the
energy in the system. The number of different ways to distribute the energy is called the
multiplicity, g. The entropy of the system is log of the multiplicity,

σ = ln g.

With multiplicity g, the system is equally likely to be in any of the g possible configu-
rations. The probability that it is in one of them is p = 1/g. The entropy can be written
as

σ = − lnp.

If we have two systems, one with multiplicity g1 and the other with multiplicity g2 (and
they are not exchanging anything), then the multiplicity of the combined system would be
g1g2. The entropy is then

σ = ln g1 + ln g2.
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For the first system the probability that it is in any single configuration is 1/p1. The
probability that the first system is in a single configuration and the second sytem is in a
particular configuration is 1/(p1p2) and the entropy can be written as

σ = − lnp1 − lnp2.

Why is this related to information? We would need a number of size g1 to specify
exactly which state the first system is in and we would need a number of size g2 to specify
exactly the state that the second system is in. So the entropy is related to the information
needed to specify the exact configuration of the system.

Why is the log used? If you have a number of states of size g1 and you use base 2 to
describe it you need log2 g1 bits to completely specify the state.

If we have multiple systems, each with multiplicity gi and probability 1/pi to be in a
particular configuration, the entropy

σ = ∑
i

ln gi = −∑
i

lnpi. (116)

Figure 8: Alice wants to send some classical information to Bob. She wants to use the least
number of bits in her message. She maximizes the compression by studying the information
content in her message.

Figure 9: Alice wants to send some classical information to Bob. The communication
channel is affected by noise. She uses extra bits to send the message. She wants to make
it possible for Bob to reliably receive her message even in the presence of noise.
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4.2 Shannon entropy

In the realm of classical communication, Shannon answered the following question: What
is the maximal compression that can be applied to a message? The setting is illustrated
in Figure 8.

Consider a message that is sent with only 4 letters, a, b, c, d. We could encode each
letter with two bits

a = 00 b = 01 c = 10 d = 11.

A message that is n letters long would require 2n bits. This gives a rate of 2 bits per
letter.

Suppose that the letters occur with different probabilities. This would not be surprising
if our letters were in an alphabet and we were transmitting text. For example, In English
‘e’ is the most frequent letter. Suppose the letter a has a probability 1/2, the letter b has
a probability 1/4 and c, d both have probabilities of 1/8.

We list the probabilities

Letter Probability

a 1
2

b 1
4

c 1
8

d 1
8

The following encoding would be more efficient

a = 0 b = 10 c = 110 d = 111. (117)

The most common letter a is given 1 bit, the next most common b is given 2 bits and
the least common letters, c, d, are given 3 bits. The average length of a message that is n
letters long is

n(
1

2
× 1 +

1

4
× 2 +

1

8
× 3 +

1

8
× 3) =

7

4
n. (118)

The average length of a message is less than 2n so this encoding system is more efficient
than using 2 bits to encode each letter. Here the rate is 7/4 bits per letter.

The code in equation 117 is known as a prefix code because each code word is not a
prefix of any other code word.

More generally, assume that we have k alphabet letters and each letter ai has a prob-
ability pi with the sum of the probabilities ∑k

i=1 pi = 1.
What is the best possible compression strategy? The answer depends on the Shannon

entropy

H ≡ −
k

∑
i=1

pi log2 pi. (119)
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The Shannon entropy is a measure of the information content per letter in a sequence of
letters chosen with probabilities {pi}. Notice that the log is base 2, which is convenient if
we are encoding information digitally with bits that are 0 or 1.

Compare the Shannon entropy to that we estimated from conventional entropy in equa-
tion 116. Instead of having equal probability states and keeping track of the multiplicity of
states we are choosing states with a set of probabilities. Consider a single letter in our al-
phabet sequence. If the letter is a with probability 1/2 then the information content would
be − log2 1/2. But the probability of that happening would be 1/2. This gives an estimate
for the information content of the first letter, −1

2 log2
1
2 . The total information content per

letter in a sequence would be ∑i pi log2 pi which is, in fact, the Shannon entropy. You can
think of the Shannon entropy as a probability weighted sum of information in each possible
alphabet choice.

For the 4 alphabet system

H = −
1

2
log2

1

2
−
1

4
log2

1

4
−
1

8
log2

1

8
−
1

8
log2

1

8
−
1

8
log2

1

8

=
1

2
(1) +

1

4
(2) +

1

8
(3) × 2

=
7

4
.

The Shannon entropy H gives the rate (bits per letter) of an optimal encoding system. For
this 4 alphabet system, the Shannon entropy is equal to the average length of a code for
n letters divided by the number of letters, given in equation 118. This indicates that the
compression/encoding system described in equation 117 is optimal.

4.3 von Neumann Entropy and Quantum information

Consider a system that has a various states described with probabilities {pi} The Shannon
entropy is

H(P ) ≡ −∑
i

pi log2 pi. (120)

The Shannon entropy is a function of a probability distribution {pi}.
For a quantum system, the analogous entropy is known as the von Neumann entropy

and it is computed from the density matrix ρ

S(ρ) ≡ − tr(ρ log2 ρ). (121)

The exponential of a matrix can be defined in terms of a series. The log of a matrix can
be defined as consistent with that definition. If we diagonalize ρ and write it as a diagonal
matrix with eigenvalues λi on its diagonal then

S(ρ) ≡ −∑
i

λi log2 λi. (122)
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It is always possible to diagonalize ρ because ρ is Hermitian.
The log of 0 is undefined. In equation 122 what do you do if an eigenvalue is zero? By

convention zero eigenvalues are discarded from the sum when computing the von
Neumann entropy.

A pure state has density matrix that has a single eigenvalue of 1 so its entropy S = 0. A
mixed state has a positive entropy as the eigenvalues are positive and they are all smaller
than 1.

It is often common to see the von Neumann entropy defined with the natural log ln
instead of log2.

The von Neumann entropy depends on the density matrix as this contains all accessible
information for a quantum system.

Properties of von Neumann entropy.

• The entropy is non-negative.

• The entropy is only zero for a pure state.

• In a d dimensional system, the entropy is at most log2 d.

• The entropy does not depend on the basis.

4.4 The black-hole information paradox

Figure 10: Illustrating the black hole information paradox associated with Hawking radi-
ation.

The setting is the event horizon of a black hole. Initially we consider the black hole
and everything around it to be in a pure quantum state. This pure state has zero entropy.

From the vacuum, a pair of entangled particles is created and this happens via unitary
evolution so the system still is in a pure state and the entropy is still zero.

What if one of the particles lies on one side of the event horizon and the other particle
lies on the other side and is emitted from the black hole? Outside the black hole it is not
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possible to learn or measure anything about the particle that lies within the black hole
event horizon. We trace out over the states of the particle inside the black hole. But now
the resulting entropy of the emitted radiation is positive.

The emitted radiation is called Hawking radiation. It carries energy and mass and
reduces the total mass of the black hole.

The black hole continues to emit radiation, until it evaporates away. The black hole
is gone but the outside observer is left with a highly mixed state with positive entropy.
Information about the particles that went into the black hole has been completely lost.
This contradicts our assumption that the entangled particle pairs were created by unitary
evolution.

This problem is called the black hole information paradox. Where does the infor-
mation go?

To reconcile the paradox, there are number of possibilities.

• Hawking radiation could contain information.

• The black hole leaves behind a remnant that contain information.

A future and better unified theory of quantum gravity could help resolve the problem.

4.5 Klein’s inequality

In classical information there, a relative entropy is a function of two probability distri-
butions for the same sets of events. Consider P = {pi} one set of probabilities for events
labelled by i and Q = {qi} another set of probabilities for the same events. The relative
entropy

H(P ∣∣Q) ≡ ∑
i

pi log2 pi −∑
i

pi log2 qi

= ∑
i

pi log2 (
qi
pi
) . (123)

It is handy to define a function called quantum relative entropy that is a function
of two density operators in the same quantum system. Note relative entropy should not
be confused with conditional entropy. The relative entropy of two density operators ρ
and σ is defined as

S(ρ∣∣σ) ≡ tr(ρ log2 ρ) − tr(ρ log2 σ). (124)

We show that the relative entropy S(ρ∣∣σ) ≥ 0. This is known as Klein’s inequality.
This relation will be used below to show that projective measurements (carried out as
channels and without recording measured values) tend to increase entropy.
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Figure 11: A strictly concave function f (here shown in green) obeys f((1 − λ)x + λy) >
(1 − λ)f(x) + λf(y) for x ≠ y and λ ∈ [0,1].

Let

ρ = ∑
i

pi ∣i⟩ ⟨i∣ and σ = ∑
j

qj ∣j⟩ ⟨j∣ (125)

be spectral decompositions of density operators ρ, and σ. Note the set of eigenvectors {∣i⟩}
for ρ is not the same as the set of eigenvectors {∣j⟩} for σ. By the definition of relative
entropy (equation 124)

S(ρ∣∣σ) = ∑
i

pi log2 pi − tr
⎛

⎝
∑
i

pi ∣i⟩ ⟨i∣ log2(∑
j

qj ∣j⟩ ⟨j∣)
⎞

⎠

= ∑
i

pi log2 pi − tr
⎛

⎝
∑
ij

pi log2(qj) ∣i⟩ ⟨i∣j⟩ ⟨j∣
⎞

⎠

= ∑
i

pi log2 pi −∑
ij

pi(log2 qj)∣ ⟨i∣j⟩ ∣
2

= ∑
i

pi(log2 pi −∑
j

log2(qj)∣ ⟨i∣j⟩ ∣
2
)

= ∑
i

pi(log2(pi) −∑
j

Pij log2(qj)) (126)

where we define
Pij = ∣ ⟨i∣j⟩ ∣

2.

The coefficients Pij give a matrix known as a doubly stochastic matrix because Pij > 0 for
all ij, and ∑i Pij = ∑j Pij = 1.
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The log function is a strictly concave function! This means that

log((1 − λ)x + λy) > (1 − λ) logx + λ log y, (127)

for any λ ∈ [0,1] and any x ≠ y (both positive). We visualize this by drawing a line between
two points (x, log(x)) and (y, log(y)), and drawing the log function on the same plot, as
shown in Figure 11. Between x and y, the log function is always above the line connecting
(x, log(x) and (y, log(y)). Using the concavity of the log

log2(∑
j

Pijqj) ≥ ∑
j

Pij log2(qj), (128)

with equality only if there is one value of j such that Pij = 1. Let

ri ≡ ∑
j

Pijqj .

The left hand side of equation 128 is larger than the right hand side. If we subtract
something larger than the rightmost term in equation 126 then the left hand side must be
larger than modified right hand side. We use equation 128 within equation 126 to find

S(ρ∣∣σ) ≥ ∑
i

pi(log2 pi − log2 ri)

= ∑
i

pi log2 (
pi
ri
)

= −∑
i

pi log2 (
ri
pi
) . (129)

Note that with ri = ∑j Pijqj , the set {ri} is like a probability distribution; since it is a
set of positive numbers and ∑i ri = 1. Thus equation 129 is the relative entropy of two
classical probability distributions.

We now use the fact that (log2 x) ln 2 = lnx ≤ x − 1 for any positive x. We rearrange
this to give

− log2 x ≥
1

ln 2
(1 − x).

Using this for equation 129

S(ρ∣∣σ) ≥ −∑
i

pi log2 (
ri
pi
)

≥
1

ln 2
∑
i

pi (1 −
ri
pi
)

=
1

ln 2
∑
i

(pi − ri) =
1

ln 2
(1 − 1) = 0. (130)

Equation 130 gives for any two density operators ρ, σ the relative entropy

S(ρ∣∣σ) ≥ 0 (131)

and we have proved Klein’s inequality.
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4.6 Entropy and measurement

When a system is measured with a projective measurement and the system state recorded,
then after measurement we expect that entropy would be reduced as we have learned
something about the system. However if a projective measurement is carried out and
the measurement not recorded, then the system’s entropy tends to increase. A projective
measurement carried out as an operation without recording cannot decrease entropy.

Consider a set of orthogonal projective measurements {Pi} and an initial density matrix
ρ. After the projective measurement (and without recording the result) the new density
matrix is

σ = ∑
k

PkρPk. (132)

Our goal is to show that S(σ) ≥ S(ρ).
We apply Klein’s inequality (equation 131) to the setting where σ is the result of a

projective measurement on ρ;

S(ρ∣∣σ) ≥ 0 Klein′s inequality (133)

= tr(ρ log ρ) − tr(ρ logσ) definition of relative entropy

= −S(ρ) − tr(ρ logσ). (134)

To prove that S(σ) ≥ S(ρ) and that the projective measurement increases entropy, we need
to show that the second term − tr(ρ logσ) = S(σ). We use the fact that ∑i Pi = I for a
projective measurement;

− tr(ρ logσ) = − tr(ρ log(∑
k

PkρPk))

= − tr(ρ log(∑
k

PkρPk)∑
i

Pi). (135)

Since the projection operators are orthogonal, Pi should commute with σ = ∑k PkρPk and
so it should also commute with logσ. Also we have assumed that the projection operators
are orthogonal, so PiPj = δijPi which helps us simplify the expression. This gives

− tr(ρ logσ) = − tr(∑
i

ρ log(∑
k

PkρPk)Pi)

= − tr∑
i

PiρPi log(∑
k

PkρPk)

= S(σ). (136)

We have also used the fact P 2
i = Pi and that we can rearrange the order of operators within

the trace. This together with equation 134 gives

S(σ) ≥ S(ρ)
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which implies that a projective measurement (carried out as a quantum channel) tends to
increase entropy.

In contrast, generalized measurements and quantum channels can in some cases decrease
entropy. An example of a channel that decreases entropy is the amplitude damping channel
on a single qubit. Its attracting fixed point has polarization p = ẑ which gives a density
matrix of ρ∗ = ∣0⟩ ⟨0∣. This has zero entropy, the minimum possible value. The channel
can decrease the entropy. Since the amplitude damping channel can be written in terms
of Kraus operators we can also think of it as a generalized measurement.

5 Entanglement and Information

5.1 Schmidt decomposition of a bipartite pure state

Schmidt decomposition is a useful component of many quantum information proofs.
We consider a product space of Hilbert spaces HA ⊗ HB and a state vector ∣ψ⟩ in

HA ⊗ HB. There is always an orthonormal basis with basis vectors ∣i⟩A in HA and an
orthonormal basis with basis vectors ∣i⟩B in HB and a list of non-negative real numbers pi
such that

∣ψ⟩ = ∑
i

√
pi ∣i⟩A ⊗ ∣i⟩B . (137)

This is known as the Schmidt decomposition for a pure state.

5.1.1 Finding the Schmidt decomposition by diagonalizing ρA

We can always diagonalize ρA = trB ρAB where ρAB = ∣ψ⟩ ⟨ψ∣ is a pure state. We chose ∣i⟩A
to be a basis in which ρA is diagonal so

ρA = ∑
i

pi ∣i⟩A ⟨i∣A (138)

and pi are its non negative eigenvalues. In an orthogonal basis for HB described with basis
vectors ∣ĵ⟩

B

∣ψ⟩ = ∑
ij

ψij ∣i⟩A ⊗ ∣ĵ⟩B = ∑
i

∣i⟩A ⊗∑
j

ψij ∣ĵ⟩B . (139)

This gives

ρAB =

⎡
⎢
⎢
⎢
⎢
⎣

∑
i

∣i⟩A ⊗
⎛

⎝
∑
j

ψij ∣ĵ⟩B
⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

[∑
l

⟨l∣A ⊗ (∑
k

ψ∗lk ⟨k̂∣B)] . (140)
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We take the trace of this over HB

ρA = trB(ρAB)

= ∑
m

⟨m̂∣B ρAB ∣m̂⟩B

= ∑
il

∣i⟩A ⟨l∣A∑
m

ψimψ
∗
lm. (141)

We assumed that ρA is diagonal, and has eigenvalues pi (see equation 138) so

∑
m

ψimψ
∗
lm = piδil (142)

The left hand side is a dot product and the δil on the right side means there is an orthog-
onality condition!

We can define a set of orthonormal vectors in HB

∣i⟩B ≡ ∑
j

ψij
√
pi
∣ĵ⟩

B
. (143)

These vectors are orthonormal because of equation 142. Inserting equation 143 into equa-
tion 139 we can write

∣ψ⟩ = ∑
i

√
pi ∣i⟩A ⊗ ∣i⟩B ,

as in equation 137.

5.1.2 Finding the Schmidt decomposition using singular value decomposition

Starting with a pure state we write the state

∣ψ⟩AB = ∑
ij

aij ∣i⟩A ∣j⟩B . (144)

We can define a matrix A using the coefficients aij . The matrix need not be square,
depending upon the dimensions of HA and HB.

It is always possible to find unitary matrices U and V and diagonal matrix D with
non-negative real numbers on the diagonal, such that

A =UDV†. (145)

This is known as singular value decomposition. In terms of components

∣ψ⟩AB = ∑
ij

aij ∣i⟩A ∣j⟩B

= ∑
ijk

uikdkv
∗
jk ∣i⟩A ∣j⟩B (146)
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We create new basis vectors using U and V

∣k̃⟩
A
= ∑

i

uik ∣i⟩A

∣k̃⟩
B
= ∑

j

v∗jk ∣j⟩B . (147)

These are orthonormal because U,V are unitary and ∣i⟩A , ∣j⟩B are an orthonormal set of
basis vectors. Insert these into equation 146

∣ψ⟩AB = ∑
k

dk ∣k̃⟩A ∣k̃⟩B . (148)

We can adjust the phases of the basis vectors so that the numbers dk are non negative real
numbers. So we could also write this as

∣ψ⟩AB = ∑
k

√
pk ∣k̃⟩A ∣k̃⟩B . (149)

with dk =
√
pk.

As this is in the form of equation 137 we have achieved a Schmidt decomposition, but
for any pure state in the full bipartite system.

5.1.3 Consequences of the Schmidt decomposition

Among the consequences of the Schmidt decomposition (for a pure state) is that the non-
zero eigenvalues of the partially traced (or reduced) density matrices ρA and ρB must be
the same. If the dimensions of the Hilbert spaces HA and HB differ, then the reduced
density matrices may have a different number of zero eigenvalues. If there are degenerate
eigenvalues then it is more work to find the Schmidt decomposition (and the result has
more degrees of freedom).

The Schmidt decomposition gives us the eigenvalues pi of the reduced density matrices
ρA, ρB. The full density matrix ρAB has eigenvalues 1,0 because it is derived from a pure
state. The von Neumann entropy of ρAB is 0.

The density matrices ρA and ρB can have eigenvalues other than 1,0. The subsystems
would have non-zero entropy (and less information!). While the full system is fully specified
(and everything is known about it), this is not true in each of the subsystems.

Question: Any pure quantum state vector in a bipartite system can be decomposed via
Schmidt decomposition. Can this be done for a system comprised of a tripartite system,
with three subsystems, HABC = HA ⊗ HB ⊗ HC? In other words is it possible to find
orthonormal bases in HA,HB and HC such that

∣ψ⟩ABC = ∑
i

√
pi ∣i⟩A ∣i⟩B ∣i⟩C for any ∣ψ⟩ABC? (150)

Answer: No, Schmidt decomposition is not possible for any state vector in a tripartite
system but is possible for some state vectors in a tripartite system.

64



5.2 Entanglement and the Schmidt number

We consider a pure state ∣ψ⟩AB in bipartite system HA ⊗HB. The Schmidt number of
a bipartite system is the number of non-zero eigenvalues of ρA or ρB.

When can ∣ψ⟩AB can be written as a product state? In other words when can we write

∣ψ⟩AB = ∣ϕ⟩A ⊗ ∣ξ⟩B (151)

where ∣ϕ⟩A is a state vector in HA and ∣ξ⟩B is a state vector in HB? Recall that a state
∣ψ⟩AB is considered entangled when it cannot be written as a product state.

Suppose we can write ∣ψ⟩ as a product state. Then ρA = ∣ϕ⟩A ⟨ϕ∣A and ρB = ∣ξ⟩B ⟨ξ∣B.
The reduced density matrices are those of pure states and the Schmidt number is 1. The
state is not entangled.

If ∣ψ⟩AB can be written as a product state then any unitary transformation in the form
U⊗ I or I⊗U would give another product state. These are local transformations as they
only involve a transformation of one of the subsystems. Similarly a partial measurement
in one of the subsystems would give another product state. Local transformations (either
unitary or measurements) would not change the Schmidt number of a product state. These
types of transformations are in the class of Local Operations and Classical Commu-
nication or LOCC.

If ∣ψ⟩AB is an entangled state, then local operations can change the Schmidt number.
Measurement in one of the subsystems could unentangle the system. For example, if one
qubit is measured of the Bell pair state, the resulting state is a product state. LOCC
transformations can reduce entanglement but they cannot increase entanglement. We
haven’t yet discussed a quantitative way to describe entanglement, but below we will use
von Neumann entropy to give a quantitative measurement of information, which can be
directly related to the extent of entanglement between two subsystems.

More generally, one can ask what classes of mixtures are LOCC equivalent? Consider
∣ψ⟩ and ∣ϕ⟩ that are states in a bipartite system. Is it possible to transform one of them into
the other via LOCC transformations? To decide, first find the eigenvalues of the reduced
density matrix corresponding to each state. Then order each set of eigenvalues so that
the largest ones are first. Let x be the set of ordered and decreasing eigenvalues derived
from ∣ψ⟩ and y be the set of ordered decreasing eigenvalues derived from ∣ϕ⟩. The state ∣ψ⟩
may be transformed to ∣ϕ⟩ by LOCC if and only if x ≺ y where the symbol ≺ refers to a
majorization; x ≺ y if ∑k

i=1 xi ≤ ∑
k
i=1 yi for all k ≥ 1. This is discussed in more detail in the

book by Nielson and Chuang.
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5.3 Quantifying the extent of entanglement: tangle, Rényi entropy, con-
currence, witnesses

Consider a bipartite system that is a tensor product of two Hilbert spaces, HA,HB. Sup-
pose we have have a pure state ∣ψpure⟩AB in the product space. The density matrix

ρAB,pure = ∣ψpure⟩AB AB⟨ψpure∣

has one eigenvalue that is 1 and the rest are zero. The von-Neumann entropy

S(ρAB,pure) = 0.

However the von-Neumann entropy of the reduced matrices ρA, ρB is in general not equal
to 0.

If state vector ∣ψ⟩AB is not entangled then it can be written as a product of two vectors

∣ψne⟩AB = ∣ϕ⟩A ⊗ ∣ϕ
′⟩
B
.

We could transfer to a basis in which ∣ϕ⟩A = ∣0⟩A and ∣ϕ′⟩B = ∣0⟩B. In this new basis

ρAB,ne = ∣00⟩ ⊗ ⟨00∣

ρA,ne = trB ρAB =A ∣0⟩ ⟨0∣A
ρB,ne = trB ρAB =B ∣0⟩ ⟨0∣B

The eigenvalues of ρAB,ne, ρA,ne, ρB,ne are 1, 0 and the von-Neumann entropy of each density
operator is 0.

S(ρAB,ne) = S(ρA,ne) = S(ρB,ne) = 0.

We infer that an entangled state in a bipartite system is one that has non zero entropy
in the reduced density matrices ρA and ρB.

Previously we called a maximally entangled bipartite state one where there is basis
in HA and a basis in HA in which the state looks like like the Bell pair;

∣ψ⟩AB,me =
1
√
N

N−1

∑
i=0

∣i⟩A ∣i⟩B .

Here HA and HB are both N dimensional.
The density operator for this maximally entangled state

ρAB,me =
1

N

N−1

∑
i,j=0

∣i⟩A ∣i⟩B ⟨j∣A ⟨j∣B .
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The reduced density operators

ρA,me =
1

N
∑
i

∣i⟩A ⟨i∣A

ρB,me =
1

N
∑
i

∣i⟩B ⟨i∣B

are both diagonal. They each have N eigenvalues that are equal to 1/N . The von-Neumann
entropy

S(ρAB,me) = S(ρA,me) = S(ρB,me) = N × (−
1

N
log2

1

N
)

= log2N.

The states that have the maximum possible von-Neumann entropy are equivalent to those
with maximum entanglement.

Von Neumann entropy gives a quantitative way to describe the extent of entanglement
of a pure state in bipartite systems. Either one of the reduced density operators can be
used to compute the von Neumann entropy as their eigenvalues are the same.

There are other possible quantitative measures of entanglement. We take ρ to be
a density operator of a subsystem. The quantity called purity

γ ≡ tr(ρ2) purity (152)

is a sum of squares of the eigenvalues of ρ. This serves as a measure of entanglement in a
bipartite systems. A pure state has purity tr(ρ2) = 1. A maximally mixed state for a two

state system has the minimum value of tr(ρ2) = 1/4+ 1/4 = 1/2. The the traced subsystem

of a Bell state also has purity of 1/2. For a two state system tr(ρ2) ∈ [1/2,1].
The purity is related to the magnitude of ρ in an operator basis. Using the Hilbert-

Schmidt norm

∥ρ∥2 = tr(ρρ†) = tr(ρ2) operator norm (153)

because ρ is Hermitian. The trace of the square of the density operator is related to the
α = 2 special case of a quantity called Rényi entropy which in quantum systems is defined
as

Hα(ρ) ≡
1

1 − α
ln(tr(ρα)). Rényi entropy (154)

Let’s consider the limit of α → 1. Let α = 1 + x

H1+x(ρ) =
1

x
ln(tr(ρ1+x)) (155)
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First we expand

y1+x = elny(1+x)

d

dx
elny(1+x) = elny(1+x) ln y

d

dx
elny(1+x)∣x=0 = y ln y

y1+x ∼ xy ln y.

We diagonalize ρ

trρ1+x = ∑
j

λ1+xj ∼ ∑
j

λj + xλj lnλj = trρ + x tr(ρ lnρ). (156)

Because ln 1 + x ∼ x for x small,

lim
α→1

Hα(ρ) = tr(ρ lnρ) = S(ρ) (157)

where the right hand side is the von Neumann entropy (though I have adopted the natural
log not log base 2 here).

Also popular is a quantity called concurrence which can be defined as

C ≡
√
2(1 − tr(ρ2)) concurrence (158)

though there are other possible definitions based on off diagonal components of the density
operator.

Some what related is the quantity

τ ≡ 4detρ tangle (159)

known as the tangle. The tangle can also be used as a measure of entanglement for a 2
qubit system. Here τ is proportional to product of the eigenvalues of ρ. The factor of 4
makes it so that maximally entangled 2 qubit state has τ = 1.

Concurrence, Rényi entropy and tangle are quantities that are monotone with respect
to von Neumann entropy. (This statement should be checked to make sure it is true!)

Given an arbitrary state vector ∣ψ⟩AB in HA⊗HB, is it possible to know whether it can
be written as a product of two states ∣ψ⟩AB = ∣ϕ⟩A⊗∣ϕ⟩B? One way to decide is to compute
the Schmidt number. This involves singular value decomposition. Another way would be
to compute the density matrix, reduce it by taking a trace over one of the subspaces, and
then compute the eigenvalues of the reduced density matrix. Alternatively compute any
of the entanglement measures of the reduced density operator. An advantage of the tangle
and Rényi entropy is that they don’t require diagonalization.
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The entanglement measures discussed can be computed using the eigenvalues of the
density operator. That means that they are independent of basis used to describe the
density operator.

In a bipartite tensor product space, the way that the quantum space is divided is
specified and this tensor product allows you to trace out one of the subspaces. For example
with 2 qubits the tensor product space is H2⊗H2. However if you do an arbitrary unitary
transformation on H4 it would be harder to trace out one of the subspace. While the basis
of each independent subspace could be irrelevant, you are not free to choose an arbitrary
basis for the full space prior to computing traces over subspaces.

What is a quantum witness? A quantum witness is a measurement that is designed
to detect entanglement.

Is it possible to measure the purity? The answer is yes. Quantum state tomog-
raphy would let you directly measure every possible element in the density matrix ρ. And
that would give you a measurement for ρ. This is not necessarily efficient as it would
require many measurements. Likewise with sufficient measurements you can use quantum
state tomography to measure the von Neumann entropy and the concurrence.

Apparently Rényi entropy is more easily measured in real systems than von Neumann
entropy. For a recent review that is focused on condensed matter systems see https:

//arxiv.org/pdf/2405.10899.

5.4 The GHZ state and the monogamy of entanglement

In this section we consider a tensor product of 3 Hilbert spaces HA⊗HB ⊗HC where each
one describes a single qubit.

Consider

∣ψ⟩Cat =
1
√
2
(∣000⟩ + ∣111⟩)

which is known as the cat state for 3 qubits. It is also called the GHZ state after Green-
berger, Horne & Zeiliger. Each qubit in the entangled state is hosted by a different person.
Alice gets the first one, Bob gets the second and Charlie gets the third.

Let’s look at some density matrices. The density matrix of the pure state given by ∣ψ⟩
is

ρABC,Cat =
1

2
(∣000⟩ ⟨000∣ + ∣111⟩ ⟨111∣ + ∣000⟩ ⟨111∣ + ∣111⟩ ⟨000∣)

We trace out the first qubit giving the reduced density matrix

ρBC,Cat = trAρABC =
1

2
(∣00⟩ ⟨00∣ + ∣11⟩ ⟨11∣) =

⎛
⎜
⎜
⎜
⎝

1
2 0 0 0
0 0 0 0
0 0 0 0

0 0 0 1
2

⎞
⎟
⎟
⎟
⎠

.
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Similarly

ρAC,Cat = trBρABC =
1

2
(∣00⟩ ⟨00∣ + ∣11⟩ ⟨11∣) (160)

ρAB,Cat = trCρABC =
1

2
(∣00⟩ ⟨00∣ + ∣11⟩ ⟨11∣) .

We take the trace over pairs of two qubits

ρA,Cat = trBCρABC =
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) = (

1
2 0

0 1
2

)

ρB,Cat = trACρABC =
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣)

ρC,Cat = trABρABC =
1

2
(∣0⟩ ⟨0∣ + ∣1⟩ ⟨1∣) .

The non-zero eigenvalues of ρA,Cat, ρB,Cat, ρC,Cat, ρAB,Cat, ρBC,Cat, ρAC,Cat are 1/2,1/2.
There is the same amount of information in a single qubit as in the other two.

Consider Alice and Bob who together have information present in ρAB,Cat and Charlie
who has information present in ρC . Nothing Charlie does should affect Alice and Bob’s
measurements but if Charlie makes a measurement of the 3-bit Cat state then there is no
longer any entanglement between Alice and Bob.

Compare ρAB,Cat to that of a two bit 2 Cat state or Bell pair state. With

∣ψ⟩Bell =
1
√
2
(∣00⟩ + ∣11⟩)

the density matrix

ρBell =
1

2
(∣00⟩ ⟨00∣ + ∣11⟩ ⟨00∣ + ∣00⟩ ⟨11∣ + ∣11⟩ ⟨11∣) =

⎛
⎜
⎜
⎜
⎝

1
2 0 0 1

2
0 0 0 0
0 0 0 0
1
2 0 0 1

2

⎞
⎟
⎟
⎟
⎠

.

This is not the same as ρAB,Cat (equation 160).
This illustrates the principle called monogamy of entanglement. If Alice has a qubit

that is maximally entangled with one that Bob has, (like the Bell pair state) then Alice’s
qubit cannot be maximally entangled with Charlie’s.

An example of a 3 qubit state in which Alice and Bob share a maximally entangled
state is ∣ψ⟩ = ∣ψ⟩Bell ⊗ ∣0⟩ =

1√
2
(∣000⟩ + ∣110⟩). For this state ρAB = ρBell and ρC = ∣0⟩ ⟨0∣.

Let’s compare the situation in what is known as the ‘W-state’

∣ψ⟩W =
1
√
3
(∣001⟩ + ∣010⟩ + ∣100⟩)
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ρABC,W =
1

3
(∣100⟩ ⟨100∣ + ∣010⟩ ⟨010∣ + ∣001⟩ ⟨001∣

+ ∣001⟩ ⟨010∣ + ∣010⟩ ⟨001∣ + ∣100⟩ ⟨010∣ + ∣010⟩ ⟨100∣ + ∣001⟩ ⟨100∣ + ∣100⟩ ⟨001∣)

ρAB,W =
1

3
(∣10⟩ ⟨10∣ + ∣01⟩ ⟨01∣ + ∣00⟩ ⟨00∣ + ∣10⟩ ⟨01∣ + ∣01⟩ ⟨10∣)

=
1

3

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

⎞
⎟
⎟
⎟
⎠

ρA =
2

3
∣0⟩ ⟨0∣ +

1

3
∣1⟩ ⟨1∣

The eigenvalues of ρAB,W are 0,0,1/3, 2/3. The eigenvalues of ρA are 1/3, 2/3. Again
the amount of information present in any two bits is equivalent to that in any single bit.
However, notice that there is more information content coming from the ∣1⟩ state than
in the ∣0⟩ state. There’s some entanglement between Alice and Charlie, and
between Alice and Bob, but neither pair is maximally entangled.

5.5 Notes – Witnesses?

In systems that are larger than bipartite, it is more challenging to define entanglement.
Apparently there are operators known as witnesses that are designed to measure whether
a state is entangled. (Consider expanding on this .... )....

6 Distance measures for quantum information

6.1 Trace norm

Previously we defined the Frobenius or Hilbert-Schmidt norm of a matrix A

∥A∥F ≡
√
tr(AA†). (161)

The trace norm is slightly different than the Frobenius norm;

∥A∥tr ≡ tr
√
AA†. (162)

If A is diagonalizable and λj are its eigenvalues then

∥A∥tr = ∑
j

∣λj ∣ (163)

depends on the sum of the absolute values of the eigenvalues. In contrast the Frobenius
norm depends on the sum of the square of the absolute values of the eigenvalues;

∥A∥F =
√

∑
j

∣λj ∣2. (164)
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The Frobenius and trace norms are both in the class of more general norms known as
Schatten norms. The Frobenius norm is the p = 2 Schatten norm and the trace norm is the
p = 1 Schatten norm.

6.2 Trace distance

The distance between two classical probability distributions {pi}, {qi} for events described
with index i can be described in terms of a trace distance or

∑
i

∣pi − qi∣ (165)

where the indices for the events are matched.
An analogy for two density operators ρ, σ is the trace distance

D(ρ, σ) ≡
1

2
tr∣ρ − σ∣ =

1

2
tr
√
(ρ − σ)†(ρ − σ). (166)

Here shorthand ∣A∣ =
√
A†A is a matrix, not a number.

What does it mean to take a square root of a matrix? For any operator A, the operator
A†A is Hermitian so it can be diagonalized and it must have real eigenvalues. Assume that
s is an eigenvalue of A†A with eigenvector ∣vs⟩. Then

⟨vs∣A
†A ∣vs⟩ = s (167)

However ⟨vs∣A
†A ∣vs⟩ = ⟨ψ∣ψ⟩ with ∣ψ⟩ = A ∣vs⟩ so ⟨vs∣A

†A ∣vs⟩ ≥ 0. Hence s ≥ 0. Conse-
quently A†A is positive. Its eigenvalues are all greater or equal to zero. Because A†A is
Hermitian we can diagonalize it. We can find a unitary operator U giving

A†A = UΛU † (168)

with diagonal matrix Λ that contains the eigenvalues of A†A. We define
√
A†A ≡

√
UΛU † = U

√
ΛU †. (169)

It is always possible to compute the square root as the eigenvalues on the diagonal operator
Λ are non-negative real numbers.

The trace distance can also be written

D(ρ, σ) =
1

2
maxP tr∣P (ρ − σ)∣. (170)

where P is a projection operator. The trace distance is equal to the difference in prob-
abilities that would be measured by a projection operator P maximized over all possible
projection operators. If two density operators have a small trace distance, then measure-
ments on them will be similar. The probability distribution resulting from a measurement
on one of them will be similar to a probability distribution resulting from a measurement
on the other.
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6.3 Quantum channels are contractive via the trace distance

All trace preserving quantum operators are contractive. This means that for two density
operators ρ, σ,

D(E(ρ),E(σ)) ≤D(ρ, σ) (171)

where D represents the trace distance defined in equation 166.
Equivalently

∥E(ρ) − E(σ)∥tr ≤ ∥ρ − σ∥tr (172)

for any two density operators ρ, σ and any channel E . Here ∥A∥tr = tr
√
AA† is the trace

norm.

Figure 12: Channels are contractive in the space of density operators via the trace distance.
E(ρ) and E(σ) are the same distance or closer together than ρ, σ.

On the Bloch sphere the trace distance is the actual Euclidean distance between two
polarization vectors.

A consequence of the contractive property of a quantum channel is that every quantum
channel has at least one fixed point ρ∗ (in the space of operators) where E(ρ∗) = ρ∗. If the
channel is strictly contractive D(E(ρ),E(σ)) < D(ρ, σ) for all ρ, σ, then the channel has a
unique fixed point. Because a quantum channel is contractive, an isolated fixed point is
attracting.

Let’s see if we can prove equation 171 on the contractivity of a quantum channel.
We first consider two density operators ρ, σ. Since ρ and σ are Hermitian, so is ρ − σ.

This means that ρ − σ can be diagonalized,

ρ − σ = UΛU †

for some unitary matrix U and a real diagonal matrix Λ. Since the trace is basis independent
D(ρ, σ) = 1

2 tr ∣Λ∣. Since Λ is diagonal, tr ∣Λ∣ is the sum of the absolute values of the values on
the diagonal of Λ. We group the positive values together and the negative values together.
Let Λ = ΛQ − ΛS where ΛQ only has positive values on its diagonal and ΛS also only has
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positive values on its diagonal. We can define Q = UΛQU
† and S = UΛSU

†. Both Q,S must
be positive operators and ρ−σ = Q−S. The trace tr(ρ − σ) = tr(ρ)−tr(σ) = 0 because both
ρ and σ are density matrices. However tr(ρ − σ) = tr(Q)− tr(S). This implies that tr(Q) =
tr(S). Since a quantum channel is trace preserving tr(E(ρ) − E(σ)) = 0 = tr(E(Q − S))
which implies that tr(E(Q)) = tr(E(S)). Note that in general tr(ρ) ≠ tr(Q).

We can always find a projection operator Pρ,σ that gives D(ρ, σ) = tr(Pρ,σ(ρ − σ)).
How do we construct Pρ,σ? We construct a diagonal matrix that has 1s where ΛQ has
positive values. We then transform it using U to create Pρ,σ. This projection matrix has
the range of Q and has null space that is the range of S. This implies that Pρ,σQPρ,σ = Q
and Pρ,σSPρ,σ = 0. We can similarly find a projection operator PE that gives

D(E(ρ),E(σ)) = tr(PE(E(ρ) − E(σ))). (173)

Starting with two density operators ρ, σ

D(ρ, σ) =
1

2
tr ∣ρ − σ∣ by definition

=
1

2
tr ∣Q − S∣ via diagonalization

=
1

2
(tr(Q) + tr(S)) using norm and diagonalization

= tr(Q) because tr(Q) = tr(S)

= tr(E(Q)) because E is trace preserving

≥ tr(PEE(Q)) projection reduces the trace

≥ tr(PE(E(Q) − E(S))) reduced by a positive quantity

= tr(PEE(Q − S)) linearity of E

= tr(PEE(ρ − σ)) because ρ − σ = Q − S

= tr(PE(E(ρ) − E(σ))) linearity of E

=D(E(ρ),E(σ)) via equation 173.

Why does projection reduce the trace?2

Reversing the order, we recover equation 171 which we repeat:

D(E(ρ),E(σ)) ≤D(ρ, σ).

A quantum channel causes the trace distance between states to shrink!

2Projection operators are positive operators with eigenvalues of 1 and 0 and they satisfy P 2
= P . The

density operator is a positive operator which means that 0 ≤ ⟨k∣ρ ∣k⟩ ≤ 1 for any normalized state ∣k⟩. We can
write a projection operator P = ∑

nk
k=1 ∣k⟩ ⟨k∣ with an orthogonal subset of basis vectors but the number of basis

vectors need not span the entire space; nk ≤ d. We can write tr(ρ) = ∑
d
i=0 ⟨i∣ρ ∣i⟩ = 1 using any orthogonal

basis set, we span the entire vector space and every term is positive. tr(Pρ) = tr(PρP ) = ∑
nk
k=1 ⟨k∣ρ ∣k⟩

where each term is positive. If the ∣k⟩’s spanned the whole space, the sum would be 1. A sum that includes
fewer positive terms nk < d must be less than 1. This implies that tr(Pρ) ≤ 1 for any projection operator
P . Similarly tr(PA) ≤ tr(A) for any positive operator A and any projection operator P .
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6.4 Fidelity

Another way of describing distance between two density operators ρ, σ is called fidelity

F (ρ, σ) ≡ [tr

√

ρ
1
2σρ

1
2 ]

2

. (174)

Note: the square on the outside seems conventional but is not used by Nielsen & Chuang.
What is meant by the square root of an operator? The operators ρ, σ are assumed to

be positive and Hermitian. As ρ can be diagonalized we can find a diagonal matrix Λ and
a unitary operator U such that

ρ = UΛU †. (175)

The diagonal matrix contains only non-negative eigenvalues. We can define

√
ρ = U

√
ΛU † (176)

where
√
Λ is a diagonal matrix containing the square roots of the eigenvalues of ρ.

When ρ, σ commute, the fidelity F (ρ, σ) = [∑i
√
risi]

2 depends on a sum of the eigen-
value distributions {ri} and {si} of the two operators. The square root of a pure state is
itself

√
∣ψ⟩ ⟨ψ∣ = ∣ψ⟩ ⟨ψ∣. If one of the operators is a pure state

F (∣ψ⟩ ⟨ψ∣ , ρ) = [tr
√
∣ψ⟩ ⟨ψ∣ρ ∣ψ⟩ ⟨ψ∣]

2

= [
√
⟨ψ∣ρ ∣ψ⟩]

2

= ⟨ψ∣ρ ∣ψ⟩ .

If both operators are pure states then,

F (∣ψ⟩ ⟨ψ∣ , ∣ϕ⟩ ⟨ϕ∣) = ∣ ⟨ψ∣ϕ⟩ ∣2.

If both operators are the same, then the fidelity is 1, so it is in some sense opposite to the
trace distance where if both operators are the same the trace distance is 0. For a single
qubit, there is no simple geometric interpretation of fidelity on the Bloch sphere.

An equivalent way to write the fidelity is in terms of the trace norm, or

F (ρ, σ) = ∣∣
√
ρ
√
σ∣∣2tr = (tr ∣

√
ρ
√
σ∣)

2
. (177)

The fidelity satisfies
F (E(ρ),E(σ)) ≥ F (ρ, σ) (178)

and this property is known as the monotonicity of the fidelity. This property is proved
using purifications!
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It is possible to see how large a change in the density operator is caused by a channel
by computing either trace distance D(ρ,E(ρ)) or fidelity F (ρ,E(ρ)).

The distance measures (trace distance and that associated with fidelity) are used to to
quantitatively measure changes in information caused by quantum channels and to discuss
associated optimization problems.

Entanglement fidelity is a measure of how well entanglement is preserved by a quan-
tum channel. You start with a state ρ of a system Q which is assumed to be entangled
with another system R, then measure how the channel E affects the system Q. The entan-
glement fidelity can be written in terms of the set of measurement operators used in the
operator sum decomposition of the channel. This follows from using a maximally entangled
state in QR derived from ρ (via purification) and operating on it with E ⊗ I.

6.5 Contrasting trace distance with fidelity

I will list properties of the two distance measures but without proving them. Proofs can
be found in the text by Nielson and Chuang.

Trace distance Fidelity

Metric Metric via an angle
Contractive Monotonicity
Convex Concave

Fidelity does not give a metric but a metric can be defined using an angle

A(ρ, σ) = arccos
√
F (ρ, σ). (179)

This is related to a distance known as the Bures distance

[DBures(ρ, σ)]
2
= 2(1 −

√
F (ρ, σ)). (180)

The contractivity of the angle is the statement

A(E(ρ),E(σ)) ≤ A(ρ, σ). (181)

The meaning of concavity of the fidelity is

F
⎛

⎝
∑
i

piρi,∑
j

qjσj
⎞

⎠
≥ ∑

i

piqiF (ρi, σi). (182)

The meaning of convexity of the trace distance

D
⎛

⎝
∑
i

piρi,∑
j

qjσj
⎞

⎠
≤ ∑

i

∣pi − qi∣ +∑
i

D (ρi, σi) (183)

where the first term on the right is the classical trace distance for two classical probability
distributions, as defined in equation 165. Here you should have the same number of items
in each set of probabilities for the quantum mixtures {pi}, {qi}.
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7 Accessible information and the Holevo Bound

7.1 Mutual information

We introduce the concept of mutual information for classical probability distributions.
We consider two ensembles X,Y . The joint entropy for two variables x ∈X and y ∈ Y ,

H(X,Y ) ≡ −∑
x,y

p(x, y) log2 p(x, y). (184)

The probability p(x, y) is the probability of x and y. Entropy is only additive for indepen-
dent variables

H(X,Y ) =H(X) +H(Y ) if and only if p(x, y) = p(x)p(y). (185)

The probability functions p(x) and p(y) are usually written as the same function but they
are actually two different functions.

What if X depends on Y and vice versa? The probability of x and y is p(x, y) =
p(x)p(y∣x). Here p(y∣x) is the probability of y given a value for x. Similarly p(x, y) =
p(y)p(x∣y).

The conditional entropy of X given Y

H(X ∣Y ) = −∑
y

p(y)∑
x

p(x∣y) log2 p(x∣y)

= −∑
xy

p(x, y) log2 p(x∣y). (186)

The conditional entropy measures the uncertainty about x if y is known. It is averaged
over all possible values for y.

Equation 186 gives3

H(X,Y ) =H(X) +H(Y ∣X). (187)

The uncertainty of X and Y is the uncertainty of X and the uncertainty of Y given X.
Equation 186 also gives

H(X,Y ) =H(Y ) +H(X ∣Y ). (188)

3

−(H(Y ) +H(X ∣Y )) = ∑
y

p(y) log p(y) +∑
xy

p(x, y) log p(x∣y)

= ∑

y

p(y) log p(y) +∑
xy

p(x, y) log p(x∣y) +∑
xy

p(x, y) log p(y) −∑
xy

p(x, y) log p(y)

= ∑

y

p(y) log p(y) +∑
xy

p(x, y) log p(y)p(x∣y) −∑
xy

p(x, y) log p(y).

∑x p(x, y) = p(y) so the first and last terms cancel. Since p(y)p(x∣y) = p(x, y) the middle term becomes

∑xy p(x, y) log p(x, y) = −H(X,Y ).
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Equivalently The uncertainty of X and Y is the uncertainty of Y and the uncertainty of
X given Y .

The mutual information

H(X ∶ Y ) ≡H(X) −H(X ∣Y ) =H(Y ) −H(Y ∣X)

=H(X) +H(Y ) −H(X,Y ). (189)

This measures how much uncertainty of about X is reduced by learning something about
Y . We can think of the mutual information H(X ∶ Y ) as how much information you learn
about X if you look at the output Y .

H(X,Y )

H(X)

H(Y )

H(X ∣Y ) H(X ∶ Y ) H(Y ∣X)

It makes sense that H(X ∣Y ) < H(X) because knowing something about Y reduces
uncertainty in X.

It makes sense that mutual information H(X ∶ Y ) is in the intersection of H(X) and
H(Y ) because if X and Y were not correlated you would learn nothing about X from Y .

In a communication channel X is the sent information and Y is the output or re-
ceived information. You need H(X ∶ Y ) to exceed your communication rate in order for
communication to be reliable.

7.2 Mutual quantum information

Expressions for conditional entropy and mutual information in quantum systems follow
from replacing Shannon entropy for a classical system with the von Neumann entropy for
a quantum system.

Consider two quantum systems A,B. We define ρAB as a density operator for the
combined system, giving

S(A,B) = − tr(ρAB log2 ρAB) (190)

We can define ρA = trB ρAB, ρB = trA ρAB giving

S(A) = − tr(ρA log2 ρA)

S(B) = − tr(ρB log2 ρB).
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The conditional entropy for two quantum systems A,B

S(A∣B) = S(A,B) − S(B). (191)

The mutual information of these two quantum systems

S(A ∶ B) = S(A) − S(A∣B) = S(B) − S(B∣A) (192)

= S(A) + S(B) − S(A,B). (193)

Consider a composite quantum system A,B,C.

• Conditioning reduces entropy;

S(A∣B,C) ≤ S(A∣B). (194)

Here B,C refers to the combined system of B and C and S(A∣B) is the conditional
entropy (what you know about A given information about B). On the left because
more is known (you know about both B and C) you should have more information
about the A system and so the conditional entropy S(A∣B,C) should be lower.

• Discarding a subsystem does not increase mutual information;

S(A ∶ B) ≤ S(A ∶ B,C). (195)

The mutual information is shared information. If you discard some information then
shared information should decrease.

• Quantum operations don’t increase mutual information. Suppose E is a
quantum channel operating on B. Let S(A ∶ B) be the mutual information prior to
operating with E and S(A′ ∶ B′) be the mutual information after operating with E .
Then

S(A′ ∶ B′) ≤ S(A,B). (196)

See Chapter 11 by Nielson and Chuang for proofs. These statements will be used below
in the proof of the Holevo bound.

7.3 Alice sends quantum information to Bob

Consider a situation where Alice chooses to send Bob either state ∣ϕ⟩ or state ∣ψ⟩. She chose
∣ϕ⟩ with a probability p and ∣ψ⟩ with probability 1 − p. If the two states are orthogonal,
Bob can perform a measurement and be sure of which state he has received. Once he
knows which state he has received, he can create as many copies of it as he likes. The no
cloning theorem states that it is not possible to create a copy of any input state, but it is
possible to create a copy of one of two possible input states if the two states happen to
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be orthogonal. If ⟨ψ∣ϕ⟩ = 0, it is possible to create a device that would accept ∣ϕ⟩ or ∣ψ⟩
with another bit initialized to ∣0⟩ and that would output either ∣ϕ⟩ ∣ϕ⟩ or ∣ψ⟩ ∣ψ⟩, depending
upon which state was received.

However if the possible choices ∣ϕ⟩ and ∣ψ⟩ are not perpendicular then any measurement
Bob makes will not give him certainty about which state he has received. If Bob could
reliably clone both possible received states, then he could perform many measurements
and he would be able to tell them apart. But if they are not perpendicular then he cannot
clone them. The no-cloning theorem is in some sense equivalent to the statement that the
accessible information in non-orthogonal states is less than the accessible information in
orthogonal states.

7.4 The Holevo bound

Figure 13: Illustration for the Holevo bound.

The Holevo bound gives a constraint on accessible information in quantum systems.
Alice prepares a state ρx which can be in one of n quantum mixtures that are described

by density operators ρ1, ρ2, ...., ρn. The mixtures are chosen with a probability distribution
p1, p2, ..., pn. Alice’s input is described as a classical input X which specifies which of the
quantum mixtures is sent to Bob. The set of mixtures that Alice has can be described with
a density operator

ρ =
n

∑
x=1

pxρx.

This density operator has von Neumann entropy

S(ρ) = − tr(ρ log2 ρ). (197)

Bob makes a measurement with POVM elements E1,E2, ....,Em where Ei =M
†
iMi and

Mi are Kraus operators. His measurement outcome is Y . Bob’s measurement values have
probabilities q1, q2, ...., qm.
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Bob wants to determine which of the mixtures that Alice sent him.
The communication process involves classical information X in Alice’s choices, classical

information Y measured by Bob and a quantum system that Alice sends to Bob. Because
we have classical information, we can compute the Shannon entropy of Alice’s probability
distribution

H(X) = −∑
x

px log2 px (198)

and the Shannon entropy of Bob’s measurement distribution

H(Y ) = −∑
y

qy log2 qy. (199)

The Holevo bound is

H(X ∶ Y ) ≤ S(ρ) −∑
x

pxS(ρx). (200)

Here H(X ∶ Y ) is the classical mutual information defined using the Shannon entropy
H()

H(X ∶ Y ) ≡H(X) +H(Y ) −H(X,Y ). (201)

The Holevo bound proves that given n qubits, although they can “carry” a larger
amount of information, thanks to quantum superposition, the amount of classical infor-
mation that can be retrieved, can be only up to n classical bits. Why does equation 200
imply this? Each side of the equation is essentially a rate per unit piece of information and
both sides of the equation are of order 1. So information transfer via a quantum system
occurs at a rate of only about 1 piece of classical information per transmitted qubit. This
is surprising because quantum computing is often more powerful than classical computing.
Results which show that quantum computing to be only as good or inferior to conventional
techniques are unusual. Furthermore it takes 2n complex numbers to encode the qubits
that then represent a mere n bits and this implies that quantum communication protocols
are rather inefficient.

7.5 Proof of the Holevo bound

We are following section 12 by Nielson and Chuang.
We label three quantum systems P,Q,M . The system Q is the quantum system that

Alice gives to Bob. The system P refers to a system for preparation and M to Bob’s
measurement device. We chose basis in P that is ∣x⟩P . We chose basis in M that is ∣y⟩M .
Initially Bob’s measurement device is in the state ∣0⟩M ⟨0∣M . The initial state

ρPQM
= ∑

x

∣x⟩P ⟨x∣P ⊗ pxρx ⊗ ∣0⟩M ⟨0∣M . (202)
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To describe the measurement we use quantum operations E acting on the systems Q
and M only (not the preparation system P ). The operation performs a measurement with
POVM elements {Ey} on the system Q, and it stores the result of the measurement in

system M . For each operator Ey =M
†
yMy where {My} are the associated Kraus operators.

Measurement on state σQ in the Q system gives

E(σQ ⊗ ∣0⟩M ⟨0∣M) = ∑
y

MyσQM
†
y ⊗ ∣y⟩M ⟨y∣M (203)

After measurement

ρP
′Q′M ′

= ∑
x

px ∣x⟩P ⟨x∣P ⊗∑
y

MyρxM
†
y ⊗ ∣y⟩M ⟨y∣M . (204)

1. Initially the mutual information

S(P ∶ Q) = S(P ∶ Q,M)

because M is initially set to ∣0⟩M ⟨0∣M is uncorrelated and known. Here Q,M refers
to both systems together.

2. The mutual information must decrease when the measurement channel is applied on
the Q system

S(P ∶ Q,M) ≥ S(P ′ ∶ Q′,M ′
)

because quantum operations do not increase mutual information (equation 196). Here
the ′ refers to the mutual information application of the channel.

3. Furthermore
S(P ′ ∶ Q′,M ′

) ≥ S(P ′ ∶M ′
)

because discarding a subsystem does not increase mutual information (equation 195).

Putting these steps together

S(P ′ ∶M ′
) ≤ S(P ∶ Q). (205)

This will become the Holevo bound.
From equation 202

ρPQ
= ∑

x

px ∣x⟩P ⟨x∣P ⊗ ρx (206)

ρP = ∑
x

px ∣x⟩P ⟨x∣P

ρQ = ∑
x

pxρx = ρ.
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This implies that

S(P ) =H({px}) =H(X)

S(Q) = S(ρ). (207)

We will show that

S(P,Q) =H(X) +∑
x

pxS(ρx). (208)

To derive equation 208 we first consider a mixture ρ = ∑i piρi where each pair in the set
{ρi} lie in orthogonal subspaces. What is meant by lying in orthogonal subspaces? We can
find a nice orthogonal basis that we can divide in to groups of basis vectors, one for each
density operator. These groups define subspaces that are orthogonal to each other. Each
density operator can be written in terms of only basis vectors in their specific subspace.
Each density operator consists only of terms in a particular block along the diagonal and
is zero everywhere else.

Consider a mixture ρ = ∑i piρi where each pair in the set {ρi} are in orthogonal sub-
spaces

S(ρ) = − tr(ρ log ρ) = − tr
⎛

⎝
∑
i

piρi log∑
j

pjρj
⎞

⎠
(209)

= − tr(∑
i

piρi log(piρi)) because ρi are in orthogonal subspaces

= − tr(∑
i

piρi(log piI + log ρi))

= −∑
i

pi log pi −∑
i

pi tr(ρi log ρi) because tr(ρi) = 1

=H({pi}) +∑
i

piS(ρi). (210)

Equation 210 is related to an inequality expression for entropy of a mixed state which only
obeys equality when the density operators are orthogonal with respect to the trace norm.4

We notice from equation 206 repeated here

ρPQ
= ∑

x

px ∣x⟩P ⟨x∣P ⊗ ρx (211)

4For a mixed state ρ = ∑i piρi the entropy S(ρ) ≤ H({pi}) + ∑piS(ρi) with equality when ρi have
support on orthogonal subspaces. From equation 206 the set of density matrices in the PQ product space;
ρxPQ = ∣x⟩P ⟨x∣P ⊗ ρx are orthogonal. A proof by Nielson and Chuang for the inequality uses a purification
for set of pure states and then is extended to any mixture.
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that this density operator is a sum of density matrices in the PQ product space;

ρPQ
x = ∣x⟩P ⟨x∣P ⊗ ρx (212)

and they lie in orthogonal subspaces. That means we can apply equation 210. Equation
210 when applied to the density matrix ρPQ gives equation 208;

S(P,Q) = S(ρPQ
) =H(X) +∑

x

pxS(ρx). (213)

We used the fact that H(X) =H({px}).
Putting together the expressions in equations 207 and 213, the quantum mutual infor-

mation

S(P ∶ Q) = S(P ) + S(Q) − S(P,Q)

=H(X) + S(ρ) −H(X) −∑
x

pxS(ρx)

= S(ρ) −∑
x

pxS(ρx). (214)

We repeat the density matrix after measurement (equation 204)

ρP
′Q′M ′

= ∑
x

px ∣x⟩P ⟨x∣P ⊗∑
y

MyρxM
†
y ⊗ ∣y⟩M ⟨y∣M . (215)

We take the trace of the Q′ system

ρP
′M ′

= ∑
xy

p(x, y) ∣x⟩P ⟨x∣P ⊗ ∣y⟩M ⟨y∣M (216)

using a function p(x, y). The expression only contains terms in ∣x⟩P ⟨x∣P and ∣y⟩M ⟨y∣M
because equation 215 has no cross terms. Because ∑x px = 1 and because the Kraus
operators are complete, ∑xy p(x, y) = 1. We can regard p(x, y) as the elements of a classical
joint probability distribution. That means P ′,M ′ can be described classically, and the
quantum mutual information is equal to the classical mutual information;

S(P ′ ∶M ′
) =H(X ∶ Y ). (217)

We repeat equation 205
S(P ′ ∶M ′

) ≤ S(P ∶ Q). (218)

and insert equation 217 on the left and equation 214 on the right giving

H(X ∶ Y ) ≤ S(ρ) −∑
x

pxS(ρx) (219)

and this is the Holevo bound.
We have completed the (rough) proof of the Holevo bound.
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7.6 Schumacher (noiseless) compression

The quantum analog of Shannon’s noiseless source coding theorem is the following: Con-
sider an ensemble of probabilities {px} and states {ρx} giving ρ = ∑pxρx. A message
consists of a string of possible values x. The message can be compressed to S(ρ) qubits in
the limit of infinitely long messages without losing additional information. This is known
as Schumacher compression.

We give an example. Suppose Alice on average has probability 1/2 the state ∣0⟩ and
probability 1/2 the state ∣+⟩, as in the Bennet 92 quantum key distribution protocol. Note,
Alice is choosing what states to send, but these probabilities represent the averages for how
many times she would send ∣0⟩ vs would send ∣+⟩. Here x = 0 corresponds to ρ0 = ∣0⟩ ⟨0∣
and x = 1 corresponds to ρ+ = ∣+⟩ ⟨+∣. We compute

ρ =
1

2
(∣0⟩ ⟨0∣ + ∣+⟩ ⟨+∣) .

This operator can be diagonalized (has spectral decomposition)

ρ = cos2
π

8
∣+
′⟩ ⟨+

′∣ + sin2
π

8
∣−
′⟩ ⟨−

′∣

∣+
′⟩ = cos

π

8
∣0⟩ + sin

π

8
∣1⟩

∣−
′⟩ = sin

π

8
∣0⟩ − cos

π

8
∣1⟩

Here ∣+′⟩ , ∣−′⟩ are the eigenvectors and cos2 π
8 , sin

2 π
8 are the eigenvalues. The eigenvalue

cos2 π
8 = 0.853 and is much larger than the other one.

The entropy of the distribution computed from the eigenvalues

S(ρ) = 0.6009.. (220)

is less than 1. Thus the total information content could be transmitted with fewer than
1 letter per message letter. Compression is possible if some of the states in the ensemble
{ρx} are not orthogonal.

What is the Holevo bound for this example? Alice is sending a mixture of pure states.
Each pure state has entropy of 0; S(ρx) = 0. This means that the Holevo bound becomes

H(X ∶ Y ) ≤ S(ρ) −∑
x

pxS(ρx) = S(ρ).

HereX consists of two possible states each with probably of 1/2. Bob makes a measurement
that would gives him two possible values (that’s the Y part). From a measurement on a
single qubit that Bob receives, he cannot determine exactly what Alice sent. However he
does get some information. If he measures a ∣1⟩ then Alice must have sent the ∣+⟩ state, but
if Bob measures a ∣0⟩ then Alice could have sent either ∣0⟩ or ∣+⟩ states. The goal here is not
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for Bob to find out exactly what Alice sent. The goal is for Alice to take advantage of the
lower level of information present in her quantum information by compressing it. Bob still
gets the same amount of information but with fewer qubits sent. By noiseless
we mean we have a more efficient scheme for sending the same amount of information, not
that Bob can recover all the information about which state Alice sends.

In the basis defined by ∣+′⟩ , ∣−′⟩ the density operator ρ is diagonal. That means if Alice
performs a measurement in this basis, but does not record the value, the density matrix
would be preserved.

Figure 14: Noiseless Schumacher compression for quantum communication.

The protocol to send an n bit string: For each of the chosen density matrices (one
per bit of the string), Alice performs a projective measurement in the {∣+′⟩ , ∣−′⟩} basis
but without recording the output. This is equivalent to a unitary transformation V that
transforms the standard basis into the {∣+′⟩ , ∣−′⟩} basis. Note that ∣+′⟩ would be a much
more likely measurement than the ∣−′⟩ measurement.

The n measurements are used to encode the measurement bits (equivalently states
in the standard basis) using an optimal classical compression algorithm (with number of
output bits matching the Shannon entropy times n). Because ∣+′⟩ is more likely if that
is effectively measured then fewer bits would be allocated to that possibility, as true in
Shannon entropy related compression algorithms!

This is done via unitary transformation U to produce a series of qubits with length
shorter than the original message but containing most of the information. These qubits
are sent to Bob. The remaining qubits should have common values which Bob should
know and don’t need to be sent. Bob inverts both steps of Alice’s compression algorithm.
Afterwards Bob should have the original series of density operators. He should be able to
obtain the same information as if there were no compression. Note that does not mean
that Bob can exactly determine Alice’s original message. The information he can infer is
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still S(ρ) per letter sent and as S(ρ) < 1 that means he cannot exactly determine Alice’s
original set of choices.

If Alice’s set of states {ρx} are not orthogonal (in terms of trace norm) then the entropy
of the mixture S(ρ) < 1. However Alice can arrange to send fewer qubits if she sends the
same amount information in orthogonal states.

Because the eigenvalue of ρ associated with the ∣+′⟩ state is larger than that associated
with the ∣−′⟩ state we would rank sequences with many ∣−′⟩ values (corresponding to 1s if
measured after the basis change) higher. Essentially rare possible input states with many
∣−′⟩ values are discarded.

How is the encoding done? A classical Shannon compression scheme of rate R takes
possible digital sequences x = (x1, ..., xn) (where each item ∈ {0,1}) and maps them to a bit
string of length nR which we denote by Cn(x) = Cn(x1, ..., xn) = y. Here y = (y0, y2, ....ynR)
with integer nR < n. For example, sequences could be ranked according to their probability
and then assigned a value based on their rank within the list. Only nR bits of information
are needed to cover likely sequences. The compression works as long as a sequence of
extremely rare values is not encountered in the input. As long as n is sufficiently large,
rare cases (which cause the protocol to fail) would be unlikely.

The function Cn used in classical noiseless Shannon communication can be used to
create a unitary operation U ∣x⟩n → ∣y⟩nR ⊗ ∣z⟩n−NR where we have labelled states by the
dimension of the vector space. The last n − NR qubits are not transmitted. We can
choose ∣z⟩ to be ∣0⟩ for common or likely inputs and chose ∣z⟩ to be anything else to take
into account the rare possibilities. That way discarding those bits will not significantly
affect the communication method. In the limit of large n, the resulting error would be
increasingly small.

How many qubits does Alice need to transmit to Bob? With entropy of 0.6009 ∼ 3/5 we
need about 3 letters in the compressed stream for 5 letters of the original message. If there
are n letters in the original message (each corresponding to a single qubit), then about
0.6n qubits are needed in the compressed stream.

There are some issues to think about. For this compression protocol to work, n should
be large. This means a good quantum computer is required. Furthermore many entangled
qubits must be transferred noiselessly together. Care is needed to consider what happens
when the protocol fails because of rare combinations.

7.7 Quantum communication with noise!

This set of notes has gotten long, but it would be nice to discuss quantum communication
in the presence of noise. The setting is illustrated by figure 15. I am looking for a nice
example that would help me illustrate and understand this topic better!

We describe noise with a quantum channel E . If the quantum system is initially in a
pure state we can describe the role of noise in terms how much much entropy the channel
causes. In other words if the quantum system is initially in a pure state ρ, with von-
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Figure 15: Alice wants to send some information to Bob. The quantum communication
channel is affected by noise. Alice uses extra bits to send the message. She wants to make
it possible for Bob to reliably receive her message even in the presence of noise.

Neumann entropy of zero, after noise is introduced, the system becomes ρ′ = E(ρ) which has
non-zero von-Neumann entropy. The entropy produced by the channel would be S(E(ρ)).

We can define a function, called entropy exchange that is a function of a density operator
and a channel S(ρ,E). Taking a set of Kraus operators for the channel {Mm} we can create
a matrix

Wij = tr(MiρM
†
j ).

The entropy exchange is then defined as

S(ρ,E) = S(W ) = − tr(W log2W ). (221)

This is clearer if we think about where entropy is going when a channel is applied. The
way to do this is to construct a purification (aka larger system for the channel?).

Once we know how much entropy is lost because of noise, then we should be able to
determine how much extra information is required (prior to applying the noise channel) so
that we can transmit the desired amount of information. To estimate a minimum required
bit rate, use 1/S(E(ρ))? I think not! Probably you need to instead use what is called
coherent information and is given by

I(ρ,E) = S(E(ρ)) − S(ρ,E). (222)

Relevant is The Quantum Fano inequality which is

S(ρ,E) ≤H(F (ρ,E)) + (1 − F (ρ,E)) log(d2 − 1). (223)

Here d is the dimension of the space that ρ operates on, H is the Shannon entropy, and
F (ρ,E) is the entanglement fidelity which we only just mentioned previously and didn’t
properly define. Proof is page 563 of Nielson and Chuang.
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8 The Lindblad Master equation and the evolution of a two
state system

8.1 The Lindblad Master equation

The Lindblad Master equation gives a general form for the time dependent evolution
of a density operator. The von Neumann equation (44) ρ̇ = −i[H,ρ] gives evolution ρ(t)
for a closed system undergoing unitary evolution described by Hamiltonian H (with h̵ = 1).
The Lindblad master equation gives a more general form for the evolution of the density
operator ρ(t) for the situation where the system interacts with another system. We will
follow https://arxiv.org/abs/1906.04478 by Daniel Manzano, using Kraus operators,
and we hope with fewer typos.

8.1.1 Finding a basis for operators using the Hilbert-Schmidt Norm

We use an inner product, known as the Frobenius inner product on the space of operators
in the space of n × n linear operators on an n dimensional complex vector space.

⟪A∣B⟫ ≡ tr(A†B). (224)

Recall we previously introduced a notion of distance between operators that is based on the
trace or Frobenius norm ∣∣A∣∣ =

√
tr(AA†). The norm is also called the Hilbert-Schmidt

Norm.
Using this inner product we can construct an orthogonal basis for operators {Fj} where

the n2 basis operators satisfy
⟪Fi∣Fj⟫ = δij . (225)

A possible basis includes the n2−n operators ∣k⟩ ⟨m∣ for k ≠m (corresponding to off diagonal
elements) and n operators ∣k⟩ ⟨k∣ that are diagonal. However, it is convenient to have an
element in the basis that is proportional to the identity operator

F0 =
1
√
n
I. (226)

Off-diagonal matrix elements in our basis set are orthogonal to F0 but the diagonal el-
ements must be replaced via Gram Schmidt orthogonalization. A possible traceless set
for the new orthogonal diagonal elements is proportional to (1,−1,0....), (1,1,−2,0.....),
(1,1,1,−3,0,0..) etc. Henceforth we assume that we have a basis set of n2 orthonormal
operators (orthonormal via equation 225) {Fj} where j ∈ 0,1,2, ..., n

2 − 1. The n2 operators
in the set are all traceless excepting F0 which is proportional to the identity matrix.

Any operator M can be written in terms of a sum of the independent basis elements

M =
n2−1

∑
j=0

cjFj ,
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where coefficients cj are complex numbers. A set of Kraus operators {Mm} can be ex-
panded in terms of the basis elements {Fj}

Mm =
n2−1

∑
j=0

cmjFj . (227)

8.1.2 Time dependent evolution of the density operator

At each moment in time we can describe the evolution of a density operator in terms of a
complete set of Kraus operators that are a function of time

ρ(t) = ∑
m

Mm(t)ρ(0)M
†
m(t)

= ∑
m

n2−1

∑
j,k=0

cmj(t)Fjρ(0)F
†
kc

†
mk(t). (228)

In the second step we have expanded the Kraus operators in terms of the orthogonal basis
{Fj} giving time dependent coefficients. We take the time derivative

dρ

dt
= ∑

m

n2−1

∑
j,k=0

[c′mjFjρF
†
kcmk† + cmjFjρF

†
kc
′†
mk] ,

= ∑
m

n2−1

∑
j,k=0

[c′mjc
†
mk + cmjc

′†
mk]FjρF

†
k (229)

where coefficients and ρ are evaluated at t = 0. We define complex coefficients

bjk ≡ ∑
m

(c′mjc
†
mk + cmjc

′†
mk) . (230)

(Note that bjk are coefficients for an n2 × n2 traceless Hermitian matrix. Traceless follows

from taking the time derivative of the completeness condition ∑mM†
mMm = I for the Kraus

operators.) We expand the sums in equation 229 so that terms with F0 are separate;

dρ

dt
=
n2−1

∑
j,k=1

bjkFjρF
†
k + b00F0ρF

†
0 +

n2−1

∑
k=1

b0kF0ρF
†
k +

n2−1

∑
j=1

bj0FjρF
†
0.

Using the fact that F0 is proportional to the identity operator

dρ

dt
=
n2−1

∑
j,k=1

bjkFjρF
†
k +

b00
n

ρ +
n2−1

∑
j=1

b0j
√
n
ρF†

j +
n2−1

∑
j=1

bj0
√
n
Fjρ. (231)
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We define a new traceless operator

B ≡
n2−1

∑
k=1

b0k
√
n
Fk. (232)

This definition (along with equation 230) lets us write equation 231 as

dρ

dt
=
n2−1

∑
j,k=1

bjkFjρF
†
k +

b00
n

ρ + ρB†
+Bρ. (233)

We take the operator B+ b00
2n I and split it into a Hermitian part (G) and an anti-Hermitian

part (H)

B +
b00
2n

I =G + iH. (234)

Using G and H, Equation 233 becomes

dρ

dt
=
n2−1

∑
j,k=1

bjkFjρF
†
k + ρG +Gρ − iHρ + iρH. (235)

The trace of dρ
dt must be equal to zero because the trace of the density operator should

always remain 1. Taking the trace of equation 235

0 = tr

⎡
⎢
⎢
⎢
⎢
⎣

n2−1

∑
j,k=1

bjkFjρF
†
k + ρG +Gρ

⎤
⎥
⎥
⎥
⎥
⎦

= tr

⎡
⎢
⎢
⎢
⎢
⎣

n2−1

∑
j,k=1

bjkF
†
kFjρ + 2Gρ

⎤
⎥
⎥
⎥
⎥
⎦

= tr

⎡
⎢
⎢
⎢
⎢
⎣

⎛

⎝

1

2

n2−1

∑
j,k=1

bjkF
†
kFj +G

⎞

⎠
ρ

⎤
⎥
⎥
⎥
⎥
⎦

. (236)

Because ρ has many degrees of freedom, this implies that

G = −
1

2

n2−1

∑
j,k=1

bjkF
†
kFj . (237)

Sub this back into equation 235

dρ

dt
= − i[H,ρ] +

n2−1

∑
j,k=1

bjkFjρF
†
k −

1

2

n2−1

∑
j,k=1

{bjkF
†
kFj ,ρ}

= −i[H,ρ] +
n2−1

∑
j,k=1

bjk [FjρF
†
k −

1

2
{F†

kFj ,ρ}] . (238)

91



We have used {} for the Poisson bracket {A,B} = AB+BA. Via unitary transformation, it
is possible to diagonalize the (n2 − 1) × (n2 − 1) square Hermitian (positive semi-definite?)
matrix with coefficients bjk (it is Hermitian via equation 230) giving a new set of n2 − 1
traceless and orthogonal operators Lk. The eigenvalues of this matrix are Γk. Using these
eigenvalues and the new set of operators,

dρ

dt
= − i[H,ρ] +

n2−1

∑
k=1

Γk (LkρL
†
k −

1

2
{L†

kLk,ρ}) . (239)

Finally we have arrived at what is known as the Lindblad master equation which describes
the general case of time dependent evolution of a density operator.

The operators Lk are called jump operators or Lindblad operators. The Lindblad
master equation gives a trace preserving transformation (as we used that fact during the
derivation). We have not leveraged the completeness of the set of Kraus operators in this
derivation, but probably this implies that the coefficients Γk are positive, ensuring that the
transformation is also completely positive.

The transformation described by the Lindblad master equation (equation 239) is linear;
it can be written as ρ̇ = Lρ with L a linear operator which is not necessarily Hermitian.
However L can be diagonalized via singular value decomposition, which gives eigenvalues
and a set of left and a set of right eigenvectors. The zero eigenvalues are associated with
steady state solutions of the Lindblad master equation.

8.2 Rabi oscillation of a two-state system

We consider evolution of a two state system. The state ∣0⟩ we assume has energy 0 and the
state ∣1⟩ has a relative energy E. We ignore the energy of the ∣0⟩ state as it only gives an
oscillating global phase. The Hamiltonian looks like Hfrre = E ∣1⟩ ⟨1∣. The von Neumann
equation

ρ̇ = −i[Hfree, ρ]

d

dt
(
ρ00 ρ01
ρ10 ρ11

) = −i((
0 0
0 E

)(
ρ00 ρ01
ρ10 ρ11

) − (
ρ00 ρ01
ρ10 ρ11

)(
0 0
0 E

))

= −iE ((
0 0
ρ10 ρ11

) − (
0 ρ01
0 ρ11

))

= −iE (
0 −ρ01
ρ10 0

)

This can also be written

d

dt

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

= iE

⎛
⎜
⎜
⎜
⎝

0
ρ01
−ρ10
0

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

0 0 0 0
0 iE 0 0
0 0 −iE 0
0 0 0 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

.
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We consider the system but subject to a driving frequency Ω with an additional term

Hdrive = Ω(∣0⟩ ⟨1∣ + ∣1⟩ ⟨0∣)

giving total Hamiltonian

H =Hfree +Hdrive = (
0 Ω
Ω E

) . (240)

We compute the commutator

[Hdrive, ρ] = (
0 Ω
Ω 0

)(
ρ00 ρ01
ρ10 ρ11

) − (
ρ00 ρ01
ρ10 ρ11

)(
0 Ω
Ω 0

)

= Ω(
ρ10 − ρ01 ρ11 − ρ00
ρ00 − ρ11 ρ01 − ρ10

)

This can also be written as

Ω

⎛
⎜
⎜
⎜
⎝

0 −1 1 0
−1 0 0 1
1 0 0 −1
0 1 −1 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

This gives for the full system

ρ̇ = −i[H, ρ]

d

dt

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎝

0 iΩ −iΩ 0
iΩ iE 0 −iΩ
−iΩ 0 −iE iΩ
0 −iΩ iΩ 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

The eigenvalues of the Hamiltonian in equation 240 are

λ± =
1

2
(E ±

√
E2 + 4Ω2)

and the system oscillates at frequencies set by these two eigenvalues. Oscillation back
and forth takes place at a frequency that depends upon the difference between the two
eigenvalues. The back and forth oscillation is known as a Rabi cycle.

8.3 Evolution of a two state system with Rabi oscillation and decay

Evolution with decay to the ground state for a two-state system via interactions with the
vacuum can be modeled with a single operator L = σ− = ∣0⟩ ⟨1∣. The rate of decay is set by
Γ. The Lindblad master equation

dρ

dt
= −i[H,ρ] + Γ(σ−ρσ+ −

1

2
σ+σ−ρ −

1

2
ρσ+σ−) . (241)
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Here σ+ = σ
†
− = ∣1⟩ ⟨0∣ and σ+σ− = ∣1⟩ ⟨1∣. We calculate

σ−ρσ+ = ∣0⟩ ⟨1∣ρ ∣1⟩ ⟨0∣ = ∣0⟩ ⟨0∣ρ11 = (
ρ11 0
0 0

)

σ+σ−ρ = ∣1⟩ ⟨1∣ρ = ∣1⟩ ⟨0∣ρ10 + ∣1⟩ ⟨1∣ρ11 = (
0 0
ρ10 ρ11

)

ρσ+σ− = ρ ∣1⟩ ⟨1∣ = ρ01 ∣0⟩ ⟨1∣ + ρ11 ∣1⟩ ⟨1∣ = (
0 ρ01
0 ρ11

)

σ−ρσ+ −
1

2
σ+σ−ρ −

1

2
ρσ+σ− = (

ρ11 −
ρ01
2

−
ρ10
2 −ρ11

) (242)

which can also be written as

⎛
⎜
⎜
⎜
⎝

0 0 0 1

0 −1
2 0 0

0 0 −1
2 0

0 0 0 −1

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

.

The resulting evolution of the density matrix is

d

dt

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

=

⎛
⎜
⎜
⎜
⎜
⎝

0 iΩ −iΩ Γ

iΩ iE − Γ
2 0 −iΩ

−Ω 0 −iE − Γ
2 iΩ

0 −iΩ iΩ −Γ

⎞
⎟
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

(243)

Notice that the 4x4 matrix is not Hermitian. The system does have a zero eigenvalue that
gives an attracting steady state solution.

8.4 Connecting a Lindbladian to the amplitude damping channel

Suppose we ignore the Hamiltonian component of evolution; equivalent to setting E = Ω = 0.
Evolution of the density operator only depends upon equation 242. The time dependent
solution of the differential equation for ρ is

ρ00(t) = 1 − e
−Γtρ11(0)

ρ01(t) = e
−Γt/2ρ01(0)

ρ10(t) = e
−Γt/2ρ10(0)

ρ11(t) = e
−Γtρ11(0). (244)

This resembles the amplitude damping channel as all components decay except the ρ00 one
which eventually becomes 1.
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We compare this to equation 71 for the amplitude damping channel which we repeat
here for initial

ρ = (
a b
b∗ 1 − a

) (245)

and

ρ00 = a, ρ01 = b, ρ10 = b
∗, ρ11 = 1 − a. (246)

The amplitude damping channel

ρ→ ρ′

ρ′ = (
a + γ − aγ

√
1 − γb

√
1 − γb∗ 1 − γ − a + aγ

) . (247)

In the limit of small γ the amplitude damping channel gives

ρ′ ≈ (
a + γ − aγ (1 − γ/2)b
(1 − γ/2)b∗ (1 − a)(1 − γ)

)

∼ (
1 − (1 − a)e−γ e−γ/2b

e−γ/2b∗ (1 − a)e−γ
) = (

1 − ρ11e
−γ e−γ/2ρ01

e−γ/2ρ10 ρ11e
−γ ) .

We rewrite this in column form

ρ′ =

⎛
⎜
⎜
⎜
⎜
⎝

1 − ρ11e
−γ

e−γ/2ρ01
e−γ/2ρ10
ρ11e

−γ

⎞
⎟
⎟
⎟
⎟
⎠

. (248)

Compare this to equation 244 for ρ(t). They look similar! With

γ ≈ Γt

(and both small) the amplitude damping channel is equivalent to the continuous time
Lindbladian evolution equation without the Hamiltonian (as shown in equation 244).

Question: It is clear that we can construct a quantum channel from the Lindblad
master equation by integrating over a discrete time interval. Is it possible to find an
associated Lindbladian for every quantum channel? Apparently the answer is no! See M.
M. Wolf and Cirac, J. I. 2008, Dividing Quantum Channels, Commun. Math. Phys. 279,
147-168, https://arxiv.org/pdf/math-ph/0611057.pdf.
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9 Quantum metrology and quantum estimation theory

Sometimes a quantity that we would like to know or estimate is not directly accessible
as a single observable. One can still infer the value of the quantity of interest from a set
of measurements. We assume we are given a parameter α that varies a quantum system.
We then search for a generalized measurement (POVM) that maximizes a quantity known
as the Fisher information which gives the minimum possible value for the variance (or
uncertainty) of the estimator, at a fixed value of the parameter α. The idea is to create
an optimal type of measurement that has the minimum possible uncertainty. The related
science is called quantum estimation theory.

A parameter estimation problem amounts to find a good estimator, i.e a good function
that maps between the set of possible measurement outcomes into the space of possible
parameter values;

possible measurements Ð→ parameter α. (249)

In the classical setting the optimal estimator is given by the the Cramer-Rao
inequality

Var(α) ≥
1

MF (α)
. (250)

Here Var(α) is the variance (mean square error or uncertainty) of the estimated parame-
ter. If the estimator is not biased then its mean would give the true value of α and the
uncertainty in the measurement would be given by

√
Var(α). The integerM is the number

of measurements. The function F (α) is the Fischer information.
Fischer information is discussed in the context of maximum likelihood estimators. The

idea is to create a function that depends on the measurement values. The goal of maximum
likelihood estimation is to determine the parameters for which a particular set of observed
data have the highest probability.

In the quantum setting the Fischer information is replaced by a quantity called the
Quantum Fischer information. For the Quantum Fischer information, the experimen-
talist first chooses a state ρ. We assume that ρ(α) depends on the parameter that the
experimentalist would like to measure. The best possible variance for the parameter α
that would be given by the best possible POVM carried out on the state ρ(α) is given by
the Quantum Fisher information.
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