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ABSTRACT

We consider the minimum mass planet, as a function of radius, that is capable of
opening a gap in an a-accretion disk. We estimate that a half Jupiter mass planet can
open a gap in a disk with accretion rate M < 10~8M, /yr for viscosity parameter o =
0.01, and Solar mass and luminosity. The minimum mass is approximately proportional
to M0'480¢0'8M,9'42L;0'08. This estimate can be used to rule out the presence of massive
planets in gapless accretion disks. We identify two radii at which an inwardly migrating
planet may become able to open a gap and so slow its migration; the radius at which
the heating from viscous dissipation is similar to that from stellar radiation in a flared
disk, and the radius at which the disk has optical depth order 1 in a self-shadowed
disk. If a gap opening planet cuts off disk accretion allowing the formation of a central
hole or clearing in the disk then we would estimate that the clearing radius would
approximately be proportional to the stellar mass.

1 INTRODUCTION

Recent observations have identified young (1-3 Myr old)
stars that have inner clearings in the dust distribution as in-
ferred from their IRS spectra (CoKuTau/4, D’Alessio et al.
2005; GM Aur, TW Hya and DM Tau , Calvet et al. 2002,
2005, and brown dwarf candidates L316 and L30003 in IC
348, Muzerolle et al. 2006). These disks have been dubbed
“transitional disks” as they represent the stage in which cir-
cumstellar disks are probably disappearing and in which
massive planets are thought to be forming. In some cases
there is still accretion on to the central star; DM Tau and
GM Aur at rates of 2 x 107° and 10~8 Mg /yr, respectively.
In other cases there is no evidence for accretion, i.e., CoKu-
Tau/4, even though its outer disk resembles that of other T-
Tauri stars. Multi-band IRAC/MIPS photometric measure-
ment from imaging surveys have been used to identify dozens
of other transition disk candidates (e.g. Sicilia-Aguilar et al.
2006). Candidates are then observed with IRS allowing ac-
curate measurements of edge wall heights, and temperatures
and so radii (e.g. Kim 2007).

Two dominant approaches exist toward predicting and
accounting for holes or clearings in young circumstellar
disks. The first is planet formation followed by an open-
ing of a gap and subsequent clearing of an inner disk (e.g.
Quillen et al. 2004; Varniere et al. 2006; Crida and Mor-
bidelli 2007). Alternatively, photo-evaporation (e.g. Clarke
et al. 2001; Alexander et al. 2006)) may clear the disc from
the inside out. A third possibility is that smaller dust parti-
cles are preferentially destroyed at a particular radius due to
turbulence (Ciesla 2007), within the context of a dead zone
model. Photo-evaporation models can account for large disk
clearings near luminous stars (Kim 2007) and non-accreting
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systems such as CoKuTau/4, however they are not suffi-
ciently sophisticated that they can account for clearings in
disks hosted by low luminosity brown dwarfs (UV flux is
too low, Muzerolle et al. 2006)), disks with wide radial gaps
and inner disks (such as GM Aur) or disks that are trun-
cated in the dust distribution but continue to accrete (such
as DM Tau). Models involving a planet are likely to be more
versatile but because of the complexity of planet/disk inter-
actions this scenario has been little explored. In this paper
we focus on the possibility that massive planets open gaps in
disks and explore what mass planets are capable of opening
gaps in different accretion disks.

Because a planet drives density waves into a disk (Lin
and Papaloizou 1979; Goldreich and Tremaine 1980) if the
planet is sufficiently massive it can overcome the effect of
viscosity and open a gap in the disk (Lin and Papaloizou
1993; Ward and Hahn 2000). Crida et al. (2006) have gener-
alized the gap opening criterion to simultaneously take into
account the mass of the planet, the scale height of the disk
and the disk viscosity:

3 H 50
- <1, 1
4 Ry qRey ™)

where H is disk scale height, Ry is the Hill radius, Rey is
the Reynolds number and ¢ is the mass ratio of planet mass
(M) to stellar mass (M.):

1/3 r2Q M,
RHErp(g) , Rey = pyp,qEMp.

Here 7, is the planet’s semi-major axis, v, is the disk vis-
cosity and €2, is the angular rotation rate of an object in a
circular orbit at r,. This criterion combines two earlier con-



2

ditions; the viscous condition by Bryden et al. (1999), and
the tidal condition by Lin and Papaloizou (1993).

Gap opening has been studied extensively numerically
with simulations ([e.g. Bryden et al. 1999; Crida et al. 2006;
de Val-Borro et al. 2006). However previous work has not
predicted what mass planets are capable of opening gaps
in circumstellar disks with different accretion rates or struc-
ture. The gap opening criterion depends on the temperature
profiles of the disk through the dependence of the viscosity,
v, on the sound speed, c¢s, and vertical scale height, H. Here
we adopt an «a form for the viscosity (Shakura and Syunyaev
1973),

v =acsH. (2)

The disk mid-plane temperature depends on the source
of heating. We consider viscous heating and heating from
absorption of radiation from the central star. Passive or non-
accreting circumstellar disk models that include the effect of
radiation from the central star absorbed onto the disk have
been studied by Chiang and Goldreich (1997); Bell (1999);
Dullemond and Dominik (2004). Because of flaring, the irra-
diation of the disk star dominates the disk heating at large
radii when both viscous heating and that from irradiation
are considered (Calvet et al. 1991; D’Alessio et al. 2001;
Garaud and Lin 2007) Passive self-shadowed disks can be
considerably colder and thinner at large radii (Dullemond
and Dominik 2004).

In section 2 we describe simple disk models and our
procedure for estimating disk temperatures, scale heights
and the minimum gap-opening planet mass as a function
of radius when heating is due to viscous dissipation and
when heating is due to stellar irradiation. Both cases are
considered separately so we can be sufficiently flexible to
discuss the case of a self-shadowed disk. A disk that be-
comes self-shadowed will have significantly reduced heating
due to stellar irradiation but heating from viscous dissipa-
tion would still be present. Section 3 discusses our results,
and a discussion follows in Section 4.

2 GAP-OPENING IN ACCRETION DISKS

In this section we apply the gap opening criterion (Crida
et al. 2006) to the a-disk model of Shakura and Syunyaev
(1973) including the effect of stellar irradiation.

The accretion rate M of a steady thin disk can be cal-
culated using mass and angular momentum conservation

M = 3r%v. (3)

where X is the disc surface mass density. As the disk viscosity
depends on the disk temperature we must consider sources
of heat to compute it. We use the « prescription to compute
the viscosity (equation 2) but compute the sound speed and
disk scale height using the disk midplane temperature and
the relation for hydrostatic equilibrium,

H =c¢:/Q, (4)

and the sound speed,

e =/ 221, (5)
e

where kp is the Boltzmann constant, p is the mean molec-
ular weight and mg is the mass of the hydrogen atom. In
our calculation, we take the mean molecular weight y =2.4
appropriate for interstellar gas.

We first compute the structure of the disk taking into
account heat generated from viscous dissipation. Then we
consider the case of heat generated from the radiation ab-
sorbed from starlight.

2.1 Heat generated from viscous dissipation

Dissipation due to viscosity gives the energy relation,

%ZQQV = eanyS, (6)

where € is the emissivity, o is the Stephan-Boltzmann con-
stant. and T, is the temperature at the disk surface. A
vertical average relates the surface temperature to the mid-
plane temperature, 7, . by Tf’c = %TT,ﬁS where 7 is the
optical depth from the surface to the midplane, 7 = kKX /2,
and « is the opacity (e.g., section 2 of Armitage et al. 2001).
We note that the relation between T}, s and Ty, in eq.(6)
is only valid for optically thick disks. In an optically thin
region, we set T, . to T}, s.

We adopt an convenient analytic form of the emissiv-
ity and opacity laws that is based on the assumption that
dust grains govern the opacity and emissivity, e = (T/T5)"
and k = kv (T/Te)® where ky=1 cm?g™!, Ty is the solar
effective surface temperature and b = 1 (Chiang and Gol-
dreich 1997; Garaud and Lin 2007). This form is expected
as the dust temperature over much of the disk corresponds
to a peak wavelength (for a black body spectrum) that is
larger than the diameter of the dust particles and the diam-
eter is of order the peak wavelength of a Solar temperature
black body (e.g. Backman et al. 1992; Chiang and Goldreich
1997). Using eq.(2), (3)—(6) and the opacity law, we solve
for the midplane temperature finding

1
3 _umy kv ()3 '2]3
[128”2 T "M for 7>1
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The opacity drops to the low opacity regime at an approxi-
mate dividing line of 7 = 8/3 at a radius

167 kBT@ «

2 1
M 50 a \"F [ MN\?
~ 1.2A —_— — .
v (IO_SM@/yI‘> (001) <M@>

For the a disk model, using the above equations, we
solve for all disk variables (temperature, density, viscosity,
scale height) as functions of parameters «, M, and M. and
as a function of radius, r.

re o~ [“—V Al Mr(c:m)% 8)

2.2 Heating due to irradiation from the star

The disk can be heated not only by disk viscosity but also by
the stellar radiation. In this section, we consider the latter
case only. If we regard the central star as a point source,
then the surface temperature depends on the slope of the
disk,
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(Frank et al. 2002), where L, is the stellar luminosity, 3 is
the albedo and T; s is disk surface temperature by irradia-
tion.

Here, we assume that the disk temperature does not
strongly depend on height, though a more detailed model
would more carefully compute the disk structure (e.g.
D’Alessio et al. 1998; Garaud and Lin 2007). Ignoring the
vertical temperature gradient, we estimate the disk mid-
plane temperature T;,. ~ T; s, and equations equations (9),

(3)—(6)

— 1) = eoT}s, (9)

3 :
Tie~ (—ATG)Q ( i ) (GM.)™ 5773, (10)
o WM
where the coefficient
L. dln H
A= E(l_ﬂ) (dlnr _1)'

We restrict our solution for the disk scale height to a
self-consistent power law form with dln H/dInr equal to a
constant. We find that the disk scale height

H~ <L*(1_B)T@>§ ( ks )5 (GM.) 33, (11)

1270 WM

and that ilﬁlf = %. If we consider an albedo in the range
0 < B8 < 0.5 (Wood et al. 2002), then eq.(10) and (11) imply
that the disk structure is not strongly sensitive to the albedo.
In our subsequent estimates, we have adopted an albedo of
£=0.

Interior to a particular radius the heat from viscous
heating dominates that from stellar irradiation. Setting the
heating rate due to accretion equal to that due to irradiation
(setting the left hand side of equation 6 to the left hand
side of equation 10 and solving for radius) we estimate a
transition radius that allows us to estimate the dominant
source of heating

e 0 () ot (22)*
Mi(GME (12)

. 3 -
M [ M, L.
< 030 () (3) ()

For r < ry we expect that viscous heating would dominate.

N
ol

3 RESULTS

In Figure 1 we show disk variables as a function of radius for
different accretion rates M = 1077,107%, and 107° Mg /yr
but fixed @ = 0.01 and stellar mass, M, = 1Mgy. Figure la
shows the disk mid-plane temperature, Figure 1b shows the
surface density profile and Figure 1c the vertical scale height
for these disks, and as a function of radius in each case. Fig-
ure 2 shows the minimum gap-opening planet mass ratio
for these disk models as a function of radius. The minimum
gap-opening planet mass ratio is computed by solving for ¢
using Equation 1. In our Figures, we show with solid lines
the variables calculated for heating primarily from viscous
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dissipation while variables primarily due to the stellar radi-
ation are shown with dotted lines. Both lines are plotted so
that we can also discuss the possibility of a self-shadowed
accretion disk. A comparison between the dotted and solid
lines shows that heating due to stellar radiation dominates
at large radius whereas heating due to viscous dissipation
dominates at small radius. In Figure 1a-c the change in slope
in the solid lines occurs where the disk opacity drops below
1 at a radius approximately given by r- (equation 8).

We solve for the minimum gap opening planet mass
ratio using equation 1. With a variable substitution of y =
(qo/q)% equation 1 can be written as a cubic equation

By+y® =1
with
qo = 50/ Rey
and

1

3/ 3h \3
B=2>(—2")".
4(50&7‘)

The cubic equation has only one real root *

_5B
y 3u
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For the entire parameter space covered here we find that
B < 1 and the minimum gap opening planet mass ¢min ~
qo. Despite the more general nature of equation 1 by Crida
et al. (2006) we find that for most disk models the viscous
condition of previous work suffices to estimate the minimum
gap opening planet mass.

Figure 2 shows the minimum mass gap-opening planet
for three different values of accretion rate, M but the same
stellar mass and « parameter. In the inner region where
the heating is dominated by viscous dissipation, the mini-
mum gap-opening planet mass ratio is not strongly sensitive
to radius. However, at larger radius, where the heating is
dominated by stellar irradiation, the minimum gap-opening
planet mass ratio increases with radius (following the dot-
ted line in this figure). If the disk were to be self-shadowed
@min Would also increase with radius but not as rapidly as it
would were the temperature set by stellar irradiation. The
gap opening criterion depends on the disk aspect ratio and
so Figure 2 resembles that of Figure 1c.

As the minimum gap opening planet mass is approxi-
mately equal to qo, we can compute how it scales with radius,
stellar mass, luminosity, accretion rate and a parameter. For
heating from viscous dissipation and 7 > 1 the minimum gap
opening planet mass ratio

4 1
5 2\ 5
minws ~ 50 ( akp ) (3/€VM ) (GM*)_ILO .

M 128720
a N (o}
ot () (M
% 0.01 10-Mo/yr )

1 See http://mathworld.wolfram.com/CubicFormula.html
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The minimum gap opening planet mass ratio is only
weakly dependent on radius (with exponent 1/10) and most
strongly dependent on « and M.,. For heating from viscous

dissipation and 7 < 1 the minimum gap opening planet mass
ratio

. 1
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The minimum gap opening planet mass ratio is more
strongly dependent on radius when the disk is optically thin

than optically thick.
When heating is due to irradiation by the star
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The radial exponent here is 2/3, larger than for either the
high and low opacity viscous heating cases. For the irra-
diated disk gmin depends upon « parameter because the
gap opening criterion depends on the disk viscosity, how-
ever ¢min does not depend on the accretion rate M because
the disk temperature is independent of M.

Because the minimum gap opening planet mass ratio
is less sensitive to radius when the disk is optically thick
and the temperature set by viscous heating, the transition
radius, 7+ (equation 12) between viscous heating and heat-
ing by stellar radiation sets a favorable spot for a planet
migrating inward via type I migration to slow its migration
rate. Type II migration, following gap opening, is expected
to be slower than type I migration for earth mass objects,
lacking a gap (Ward and Hahn 2000). A planet migrating
in the outer disk could become able to open a gap as it
moved inward. The planets that survive would perhaps be
the ones that were just massive enough to open gaps in the
disk at this transition radius. If larger planets are formed
earlier during epochs of higher accretion around more mas-
sive stars then we would predict that they might be more
likely to be located at larger radii. This follows because the
transition radius is larger for higher mass stars. If a flared
disk does not contain a gap then the minimum gap open-
ing planet mass ratio computed at this transition radius, r¢,
(equation 12) provides an estimate for its minimum mass.
This follows because the minimum gap opening planet mass
is not strongly sensitive to radius within the transition ra-
dius.

Were the disk to become self-shadowed then the solid
lines on Figure 2 and subsequent figures are relevant. The
minimum gap opening planet mass does not significantly
change, but the radius at which a low mass object can open
a gap is further out and set instead by the location of r,
(equation 8). If the disk is self-shadowed then the radius

_ 1o
9 2

(o) -

at which the disk becomes optically thin, r-, might set a
favorable spot for an inward migrating core to open a gap.

We compute the minimum gap opening planet mass ra-
tio for 7 > 1 at the transition radius 7, finding

0.8 L* —0.08
) = (G5 () o

M 0.48 M, —0.58
IO*SM@/yr M@ ’

This can be used to place a constraint on possible planets
residing in a gapless disk,

—0.08
a \o8 (L.
< —
M, < 04M; (0.0l) <L@) X 17)

M 0.48 M* 0.42
10—8M@/yr M@

where M is a Jupiter mass. The above minimum gap open-
ing planet mass ratio and mass are appropriate for both
flared and self-shadowed disks because the minimum gap
opening planet mass is insensitive to radius within the tran-
sition radius.

In Figure 3 we show the minimum gap-opening planet
mass ratio for three disks with the same accretion rate, M =
1078M¢y /yr, and stellar mass, M. = 1Mg. but for three
different o parameters, « = 0.1,0.01 and 0.001. Figure 3
can be directly compared to Figure 2 as the central solid and
dotted lines are the same. We see that lower mass planets
can open a gap in lower a disks. We note that the minimum
gap opening planet mass is more strongly sensitive to this
poorly constrained parameter, o than the other parameters,
such as stellar mass, luminosity and accretion rate.

In Figure 4 we show the minimum gap-opening planet
mass ratio for three disks with the same accretion rate,
M = 107%Mg/yr, and a = 0.01 but with different stel-
lar masses, M, = 0.5,1.0 and 2.0M. Figure 4 can be di-
rectly compared to Figures 2 and 3. The luminosity of a
star depends on the stellar mass, and here we have assumed
that L. = Lo (M./Mg)? to take this into account. Figure 4
shows that the lower mass stars (rather than higher mass
ones) require higher planet mass ratios to open a gap. Fig-
ure 5 shows that the minimum planet mass ratio for three
different mass stars with the additional requirement that the
accretion rate is proportional to the stellar mass M o M2, as
suggested by observational surveys (Muzerolle et al. 2005).
With this assumption we find that the minimum gap open-
ing planet mass ratio is approximately independent of stel-
lar mass. Assuming that stellar luminosity scales with mass,

. 2
L. = Lo(M/M,)? and M = 10" Mg /yr (ﬁg) equation

17 becomes

1.14
o 0.8 M*
< _
M, < 0.4M; (0.01) ( . ,@) (18)

leaving only « as an undetermined parameter.
The favorable location for an inward migrating planet to
migrate inward for a flared disk assuming L. = L (M/M.)?

. 2
and M = 10"%Mg /yr (ﬁ—@)

dius computed for these assumptions

would be the transition ra-
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(modifying equation 12) and that for a self-shadowed disk

2 5
a\s [ M,\?3

(modifying equation 8) Though the minimum gap opening
planet mass is not significantly different in the self-shadowed
disk than the flared one, lower mass planets can open gaps
at larger radius.

4 DISCUSSION AND SUMMARY

In this paper we have explored the relation between the min-
imum gap-opening planet mass and disk parameters, accre-
tion rate, the alpha parameter and stellar mass. We have
used a simple models for « disks with temperature set by
heating due to viscous accretion and stellar irradiation.

We find that the minimum gap opening planet mass is
not strongly sensitive to radius at radii where the disk is
heated primarily by viscous dissipation and opacity greater
than 1, however it increases with radius where the disk is
heated primarily by stellar radiation. Due to the weak de-
pendence with radius in an optically thick disk heated by
viscous dissipation, the minimum mass gap opening planet
in any disk is best estimated by the viscous criterion (Equa-
tion 13). For a self-shadowed disk, the minimum gap opening
planet mass is similar to that for a flared disk, however the
radius at which the mass begins to more rapidly increase is
at larger radius and is approximately where the disk opacity
is approximately 1.

We estimate that a 0.4 Jupiter mass planet is required
to open a gap in a flared disk with M = 1078M@/yr and
a = 0.01 around a 1My star. Lower mass planets can
open gaps in disks with lower accretion rates and lower
« parameters around a lower mass star. We estimate that
the minimum gap opening planet mass is proportional to
MO8 N 042, -0-08 (Equation 17). This scaling relation
can be used to place limits on planets residing in gapless
disks as a function of accretion rate, a parameter, stel-
lar mass and stellar luminosity for both flared and self-
shadowed disks.

It is interesting to speculate on scenarios for planet mi-
gration. A planet that is not sufficiently massive to open a
gap but continues to accrete and migrate could open a gap if
it accretes mass sufficiently rapidly (Thommes et al. 2007)
or because it reaches a location in the disk where migra-
tion ceases (Masset et al. 2006; Crida and Morbidelli 2007).
Consider a planet which has formed far out in the disk,
and is migrating inwards in the linear (Type I) regime. If it
reaches the transition radius (r+.) before achieving the mass
required for gap opening at that point (Equation 16), then
it will continue its rapid inward migration, and will proba-
bly be lost on to the star. The weak dependence of the gap
opening mass in the inner disk with radius means that it is
unlikely that the planet will be able to accrete fast enough
to open a gap within r:.. The transition radius represents
a ‘last chance’ for a planet to open a gap and slow its mi-
gration. If a disk is observed without a gap, Equation 16
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provides a bound on the most massive object in the inner
portions of the disk.

The different models do predict different locations for
planets to slow their migration. In the planet trap proposed
by Masset et al. (2006) the truncation of the disk near the
star sets the location of the planet trap. As accretion would
not be detected after a planet formed, the scenario suggested
here would relate the mass of the first planet formed to the
minimum detectable disk accretion rate. If planet formation
cuts off disk accretion and planets stop migration at the
transition radius then we would predict a relation between
clearing size and stellar mass. Equation 19 which relates the
transition radius to the stellar mass assuming L. o M2 and
M o M? suggests that the radius of the clearing following
the first gap opening planet would grow with the stellar
mass. We note that the radii, - and r-, estimated here are
of order 1 AU at an accretion rate of 107®Mg /yr and so
smaller than hole clearing radii measured for objects such
as CoKuTau/4. The transition radius is only as large as
CoKuTau/4’s (~ 10AU) at an accretion rate of order M ~
10" Mg /yr.

The disk models considered here are simplistic and do
not include the radiative transfer of more sophisticated mod-
els such as D’Alessio et al. (2001); Garaud and Lin (2007)
which could be used to improve upon the accuracy of our
constraints on the minimum gap-opening planet mass. Bet-
ter observational constraints on the a viscosity parameter
would also improve these estimates. We have explored disks
with opacity with different temperature laws for gas disks
using the opacities described by Bell and Lin (1994); Bell
et al. (1997) The shapes of the curves differ quantitatively
but not qualitatively from those shown here. In each tem-
perature regime the disk temperature has a different slope
but the overall shape of the temperature, aspect ratio and
density curves are similar to and within a factor of a few of
those shown here. We have not shown these curves here as
the dust opacity is expected to dominate that of the gas, and
the simple model explored here can be more easily solved
producing the scaling relations listed here.

Here we have only considered models of steady state
disks with constant accretion rate M. A starved disk that
has not enough mass at large radius to maintain its accretion
rate would have lower disk density at larger radius than
predicted here. If the disk were flared, the disk temperature
would be set by stellar irradiation and the minimum gap-
opening planet mass estimate would not vary from what
is predicted here. However were the disk to become self-
shadowed the minimum gap opening planet mass would be
lower at than that predicted with a constant M (this follows
because gmin decreases with decreasing M; Equations 13
and 14).
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Figure 1. a) Disk radius vs. midplane temperature for disk mass
accretion rates M = 1079,1078 and 107 Mg /yr for o = 0.01
and stellar mass My = 1Mg. The solid lines are for the case
of viscous heating only and the dotted lines are for the case of
irradiated heating only and L« = L. A comparison between the
dotted and solid lines shows that heating due to stellar radiation
dominates at large radius. A change in slope in the solid lines
occurs at the radius where the opacity drops below 1. b) Similar
to a) except the surface density profile is shown. ¢) Similar to a)
except the aspect ratio H/r is shown.
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Figure 2. The minimum gap-opening planet mass ratio as a func-
tion of radius (computed using equation 1) for the disks shown in
Figure 1 with accretion rates M = 10~7,1078, and 10’9M@/yr.
The transition radius is evident where the dotted line intersects
the solid lines. This radius is where midplane temperature from
viscous dissipation is similar to that from stellar radiation. Inside
this radius the minimum gap-opening planet mass is not strongly
sensitive to radius. Outside this radius a larger planet mass is
required to open a gap, as long as the disk is sufficiently flared
to be heated by starlight. Lower mass planets can open a gap
at the larger transition radius (slope change of the solid lines) in
self-shadowed disks.
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Figure 3. Similar to Figure 2 except the minimum gap-opening
planet mass is shown as a function of radius for a disk with a =
0.001,0.01, 0.1, with accretion rate M = 10~8 Mg /yr and stellar
mass Mi = 1Mg. The solid lines are for the case of viscous
heating only and the dotted lines are for the case of irradiated
heating only.
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Figure 4. Similar to Figure 2 and 3 except the minimum gap-
opening planet ratio for different stellar masses M, = 0.5,1,2 Mg
for a disk with o = 0.01 and accretion rate M = 10~8 Mg /yr.
The solid lines are for the case of viscous heating only and the
dotted lines are for the case of irradiated heating only. We have
assumed that L. = L (M./Mg)3.
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Figure 5. The minimum planet mass ratio for stellar masses
M, = 0.5,1,2 Mg for disks with o = 0.01, accretion rate M
proportional to M2 and stellar luminosity proportional to M32.
We have assumed that M = 108 Mg /yr (M«/Mg)? and L. =
Lo (Mx/Mg)3. The solid lines are for the case of viscous heating
only and the dotted lines are for the case of irradiated heating
only.
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